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SUMMARY 
The primary objective of the research work presented here is 
the development and the application of the impedance tube technique in 
the measurement of the admittances of combustion processes such as the 
one at the surface of a burning solid propellant. While the experi-
mental efforts discussed in this thesis are primarily concerned with 
the measurement of the admittance at the surface of a burning solid 
propellant, exposed to oscillatory flow conditions simulating those 
observed in unstable solid rockets, the developed measurement technique 
has a much wider range of applications. The impedance tube technique 
has been chosen for this purpose, because, in principle it can be used 
for measuring the admittances of a variety of solid propellants includ-
ing weakly unstable and aluminized propellants. Finally, the impedance 
tube technique determines the unknown admittances of various propellants 
under identical oscillatory flow conditions, a situation which is often 
not duplicated with other test methods. In the impedance tube technique 
a burning solid propellant is placed at one end of a tube and a sound 
source at the other end. It can be shown that the structure of a stand-
ing wave setup in such a tube by the acoustic driver depends upon the 
admittance of the burning solid propellant. Hence, by measuring the 
structure of this standing wave, the unknown admittance of the burning 
solid propellant can be determined. With this experimental setup, a 
single tube can be used to determine the propellant admittance over a 
desired frequency range, since in the impedance tube setup the acoustic 
xix 
driver and not the burning propellent is primarily responsible for 
maintaining the tube oscillation. 
In this study, a modified impedance tube technique was employed 
in which several microphones were mounted along the length of the tube 
instead of traversing a microphone inside the tube, as is done in the 
classical impedance tube technique. An experimental setup consisting 
of a circular tube, a propellant sample and its holder, two acoustic 
drivers, and a pressure regulating exhaust valve was used to obtain the 
admittance values at low pressures. A high pressure facility designed 
for operating pressures up to 500 psig. has been developed to simulate 
actual rocket motor operating conditions. In this experimental setup 
the driven burner tube with the propellant sample-holder, the pressure 
transducers, and the acoustic drivers were all contained within the 0 
to 500 psig. pressurization tank equipped with high pressure hinged 
ports to allow easy access for propellant sample changes, burner tube 
removal, and general maintenance. 
In addition to the above mentioned experimental facilities, an 
analytical procedure and numerical methods had been developed for deter-
mining the unknown admittance of a burning solid propellant from the 
measured acoustic pressure data. Also, analytical studies that were 
concerned with the dependence of the impedance tube wave structure upon 
the propellant surface boundary conditions, particulate matter-acoustic 
wave interaction and the propellant self-noise had been conducted. The 
development and the results of the above mentioned analytical studies 
are described in this thesis. Finally, results obtained in impedance 
XX 
tube experiments conducted at both low and high pressures are discussed. 
Attached appendix contains descriptions of the mean temperature behavior 




The research work presented in this thesis describes the adapta-
tion of the impedance tube technique in the measurement of admittances 
under high temperature conditions. The developed measurement technique 
is primarily concerned with the experimental determination of the admit-
tances of burning solid propellants, which are. needed either as inputs 
for solid rocket stability analysis or as means for evaluating the rela-
tive driving capabilities of various solid propellants. While the 
research described herein is specifically concerned with solid propellant 
admittances, the developed measurement technique is quite general and it 
is applicable to other situations involving high temperature admittance 
measurements. As a matter of fact, the developed measurement technique 
has recently been used, successfully, in the measurement of the admit-
2 
cances of gaseous rocket injectors. Other examples of such applications 
include the determination of the impedances of fibrous materials that are. 
used in exhaust sixencers. 
Combustion instability has seriously hindered the development and 
operation of many solid and liquid propellant rocket motors and air 
breathing propulsion systems for many years. Combustion instability is 
the result of the interaction between the combustion process and dis-
turbances within the rocket motor — an interaction which often leads 
to the amplificacion of these disturbances into finite amplitude oscil-
lations. Combustion instability may lead to mechanical failure of 
engine components, extremely high heat-transfer rates fo the combustcr's 
2 
walls and interference with the control and guidance system. 
Instabilities occurring in solid propellant rocket motors are 
5 
broadly classified under three categories;"' namely, (a) high frequency 
instabilities; (b) intermediate frequency instabilities; and (c) low 
frequency instabilities. High frequency instability is encountered in 
the frequency range of 1 to 100 kHz., and it usually involves the exci-
tation of one of the transverse acoustic modes of the chamber. Inter-
mediate frequency instability is observed in the frequency range of 100 
to 1000 Hz. This type of instability is generally encountered in large 
rocket motors. Also, in contrast to the high frequency instability, 
intermediate frequency instability usually involves the excitation of 
one of the longitudinal modes of the chamber. Low frequency instability 
occurs at frequencies in the range of 1 to 100 Hz., usually in large 
rocket motors. 
In recent years, several methods have been developed to suppress 
high frequency combustion instability. Among them, the addition of pow-
dered metals or oxides to the propellant has been highly successful. 
However, contrary to expectations, such additives sometimes aggravate 
the intermediate frequency instability. Hence, the intermediate frequency 
instability is currently a key factor in the development of solid rockets. 
To determine the susceptibility of a given propulsion system to 
combustion instability, it is necessary to determine the energy bal-
ance that exists between the various sources of wave energy gains and 
losses that are present within the combustor. Wave energy loss mech-
anisms are convective energy losses caused by the mean flow, energy 
3 
dissipation processes associated with viscosity and heat transfer and 
losses resulting from the interaction of the disturbance with various 
mechanical components of the engine such as the exhaust nozzle. On the 
other hand, wave energy gains tend to amplify the engine disturbances 
and thus exert a destabilizing influence upon the combustor. The primary 
source of wave energy gain is the unsteady combustion process. If the 
energy gains outweigh the energy losses, an initial disturbance will 
amplify and lead to undesirable self-sustained oscillations inside the 
combustor. 
To evaluate the stability of a given solid propellant rocket 
motor it is necessary to quantitatively determine the characteristics 
of the various gain and loss mechanisms that are present in the system. 
The wave energy gain in a solid rocket motor may be determined from 
either theoretical or experimental investigations of the interaction 
between a burning solid propellant and an oscillatory gas phase. This 
interaction can be described by means of the admittance or the response 
factor of the burning surface which, in turn, can be used to compute the 
wave energy gain resulting from the abô /e mentioned interaction. Defined 
as the ratio of the normal velocity perturbation to the pressure pertur-
bation at the burning propellant surface, t:he propellant admittance also 
describes the boundary condition that the combustor oscillation must 
satisfy at the propellant surface in combustion instability analysis. 
The non-dimensional form of the admittance of a burning propellant 
is often expressed in the following form: 
4 
s 
where the various quantities are defined in the nomenclature. As men-
tioned earlier, the interaction between the combustion process and the 
gas phase oscillations can also be described by means of the response 
factor of the propellant. The latter is defined as the. complex ratio 
of the propellant burning rate perturbation to the pressure perturbation, 
evaluated at the burning surface. The non-dimensional form of the 
response factor is given by 
o -- -2. r . 2 m n ô  
R _ ±- . ^ . (1-2) 
r p m 
The relationship between the propellant response factor and its admit-
tance is of interest. Using the definition of the mass flux, m = pu, the 
relationship between Y and R can be expressed as follows: 
R . X + £V£ (1_3) 
YM p'/p 
If the oscillation is isentropic, the above relationship reduces to 
R = _L [Y + M] (1-4) 
yM 
Since instability is often caused by small differences between 
wave energy gains and losses, it is imperative that the contributions 
from all processes affecting the stability of a rocket motor be known 
as accurately as possible. Hence, it is of utmost importance that an 
experimental technique capable of accurate determination of the response 
of burning solid propeilants be available. The development of such an 
5 
experimental technique, based upon a modified version of the impe-




Because of the complexity of the combustion process, no satis-
factory theoretical analysis currently exists for the accurate deter-
mination of the admittance of a burning solid propellant. Instead, 
various experimental techniques are used to determine the admittance of 
o 
burning propellants. The most widely used method is the T-burner. 
Although considerable data have been obtained utilizing various T-burner 
configurations, the accuracy of the results is open to question because 
of experimental uncertainties. For background information and further 
reference existing methods for measuring solid propellant admittances 
are discussed below. 
Self-Excited T-Burners 
The self-excited T-burner (see Figure 2-1) consists of a cylin-
Q 
drical tube with disc-shaped propellant samples located at both ends. 
An exhaust vent is located at the center of the tube. The propellant 
samples are ignited and under certain conditions the interaction between 
the combustion process and gas phase disturbances results in the develop-
ment of a pressure oscillation in the tube whose amplitude increases 
exponentially with time until a certain maximum amplitude is reached. 
The oscillation decays once the propellant samples are completely burnt 
out. The experimental procedure consists of measuring the exponential 
growth rate of the oscillation, and once the combustion is completed, 
w a ĉ  " * s < ; 
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measuring the decay rate of the oscillation. The measured growth and 
decay rates are then used to determine the unknown propellant admittance. 
When energy gains in a T-burner are larger chan the acoustic 
losses the interaction of a disturbance with the combustion process 
would result in disturbance amplification and the corresponding pressure 
oscillation exhibits the following time dependence: 
a t 
p1 - e S (2-1) 
When the burning of the propellant samples is completed, the acoustic 
losses present in the system will resiilt in the exponential decay of 
the oscillation which exhibits the following time dependence: 
p1 - e d (2-2) 
where the positive constant a is the system's "decay constant." 
In the T-burner experiment, the observed growth rate a , pre-
sumably represents the difference between the gain provided by the burn-
ing propellant and the losses present in the system. For such a situa-
tion, the measured growth rate can be related to the real part of the 
9 
propellant admittance by the following relationship. 
a = ̂  (Y + M) - a (2-3) 
g L r d 
or 
Y = — (a, + a,) - M (2-4) 
r 97 8 d 
9 
The real part of the response factor can be obtained from the follow-
ing expression when the oscillation is isentropic: 
R = — E . — (a + a,), since M = — (2-5) 
r — a a — 
4pgrC C * yp 
In the determination of the admittance of the burning solid 
propellant, the critical assumption made is that the causes and magni-
tude of the loss of the acoustic energy in the T-burner are the same 
during the growth and decay phases of oscillation. However, since the 
flow field, temperature and frequency are not the same during the growth 
and decay periods, this assumption is at best open to question. Another 
limitation of this technique is that the frequency of the oscillation 
is determined by the length of the tube, therefore, several T-burners 
of different lengths are necessary to cover a certain range of frequen-
cies. 
Since the admittance of a burning solid propellant is expected to 
depend on both the frequency and growth rate of the gas oscillation, in 
comparing the driving capabilities of different solid propellants it is 
important that their responses be determined under identical conditions. 
This practice has not been followed to date. Instead, the relative driv-
ing capabilities of different propellants have been determined by compar-
ing their responses at the same frequency and completely ignoring the 
different growth rates of the oscillations for which these responses 
were measured. An alternate way to resolve this difficulty is to 
develop an experimental technique in which the responses of different 
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solid propellants can be measured under the same oscillatory flow con-
ditions. Finally, in reducing the T-burner data, it is customarily 
assumed that the mean gas temperature in the T-burner is uniform and 
that the spatial wave structure is isentropic. In fact, the mean gas 
temperature in the T-burner is not uniform and hence the wave structure 
is not the same as in the classical acoustic case. 
Variable-Area T-Burner 
The variable-area T-burner is an alternate approach for determin-
ing the admittances of burning solid propellants. Whereas the self-
excited T-burner usually employs propellant discs with the same cross-
sectional area as the tube, with the variable-area T-burner cup-shaped 
propellant samples, whose burning surface area may be varied, are used 
(see Figure 2-1). The desired propellant admittance is obtained by 
running a series of experiments and varying the area of the burning pro-
pellant surface between experiments. The critical assumption with this 
technique is that the admittance of the burning solid propellant and the 
system damping remain constant from test to test for all values of the 
area ratio S, /S where S7 is the area of the burning surface and S is b c b c 
the cross-sectional area of the tube. If this assumption is valid, 
• 10 then one can write 
_ c 
3 + ct, = ~ (Y + M) • -^ (2-6) 
g d L r S 
° c 
Using Equation (2-6), a plot of measured growth rate constants a. 
g 
versus S./S should vield a straight line. Extrapolation of this line 
b c 
11 
to S./S = 0 should give the value of a,. The slooe of this line is 
b e a 
(Y + M) and this value can be used to determine the desired solid 
propellant admittance. However, data have been obtained which indi-
cate that a plot of a versus S,/S does net produce a straight line. 
g b c 
In addition, data scatter limits the accurate determination of a and 
S 
the slope of the line from which the admittance is determined. Also, 
a number of experiments is required to produce a single point on the 
propellant admittance versus frequency curve. 
To date, the variable-area method has been used to determine 
the admittances of aluminized and weakly unstable propellants. This 
method requires the use of large burning surface area to derive suffi-
cient energy from the combustion process to overcome the wave energy 
losses in the T-burner so that pressure oscillations can be excited. 
This necessitates the use of the cup-shaped grains which extend over 
different lengths of the tube. However, the characteristics of the 
combustion and damping process vary along the length of the tube, and 
the use of cup-shaped samples also introduce two dimensional effects. 
These phenomena are not accounted-for in the derivation of Equation 
(2-6) and their omission causes inaccuracies and uncertainties in data 
interpretation. 
Pulsed T-Burner 
In addition to the variable-area T-burner, the pulsed 
8 11 1? 
T-burner ' ' ~ is also used to determine the admittances and system 
losses for aluminized propellants. With this method it is not necessary 
for the combustion process to generate and sustain oscillations in the 
12 
burner. Instead, a charge is fired into the. T-burner during and imme-
diately after completion of the propellant combustion. The difference 
in the decay rates of the resulting pressure oscillations is used to 
determine the admittance of the burning propellant surface. The prin-
cipal disadvantages of this technique are the introduction of foreign 
particles by the charge into the burner, the inability to control the 
frequency of the oscillations, the uncertainty whether the system damp-
ing is the same after the firing of both the first and second charges 
and the marginal difference between the observed decay rates of both 
pulses that leads to considerable scatter in the measured admittance 
data. Because of these difficulties, the accuracy of the admittance 
results obtained from pulsed T-burners is limited, 
Forced Oscillation Methods 
Because of the limitations of the various T-burner techniques, 
investigators ' ' have resorted to the use of forced oscillation 
experiments to measure the admittances of burning solid propellants. In 
13 
a recent study " the experimental set-up (see Figure 2-2) consisted of 
a short tube whose walls were lined with a solid propellant. An exhaust 
nozzle at the end of the tube controlled the combustor pressure and a 
rotating valve produced periodic blocking and opening of a small ori-
fice which, in turn, produced a small amplitude pressure oscillation 
of desired frequency in the chamber. Assuming that the combustor length 
is short compared with the acoustic wave length, the oscillating pressure 
is taken to be spatially uniform in the chamber. Under these conditions 













measurement of the amplitude ratio and phase difference between the 
area oscillation at the rotating valve and the pressure oscillation in 
the chamber. 
The principal disadvantage of the above mentioned experiment is 
that due to the short motor assumption employed in the development of 
its theory this experimental set-up can only be used for admittance 
measurements at low frequencies. This set-up is basically a driven 
L*-burner. Other disadvantages are that particle damping associated 
with aluminized propellants can not be determined and in its present 
configuration both velocity and pressure oscillations affect the meas-
ured combustion response function and it is impossible with this method 
to evaluate the contribution of each one of these effects, 
Forced oscillation experiments have also been conducted by inves-
14 tigators in France and investigators at the Applied Physics Labs in the 
U.S. In the French study, oscillations were generated in a cylindrical 
rocket motor having a tubular propellant by periodically and partially 
blocking the exhaust nozzle throat area. However, the propellant 
admittance values could not be deduced from the measured data, since this 
study was in its developing stage. 
In a more recent paper the improvements made in the French 
efforts at ONERA to measure solid propellant admittances using forced 
oscillation methods are discussed. The response of solid propellants 
to pressure oscillations is determined at ONERA. by the technique of modu-
lated exhaust. This technique consists in producing forced homogeneous 
pressure oscillations in the combustor of a small motor, by a modulation 
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of the nozzle throat by means of a toothed wheel. The measurement of 
the transfer function between the pressure oscillation and the throat 
modulation permits the calculation of the response of the solid propel-
lant. The data obtained by this method were compared with those obtained 
by T-burner at SNPE. In some cases marked discrepancies were observed 
between the results obtained by two methods, and better agreements were 
found in some other cases. 
A dynamic acoustic oscillator technique discussed in Reference 
15 was developed for measuring the response of burning solid propellant 
surface. The experimental arrangement essentially consisted of a cen-
trally vented cavity with propellant at one end and a phase-locked 
mechanical driver, which excited the cavity in a resonant mode, at the 
other end. An independent method for measuring the decay constant of 
the cavity incorporated into this system involved momentarily shorting 
out the drive system and observing the free decay or growth of the 
oscillations. Although the apparatus was designed primarily for inves-
tigation of stable or marginally stable propellant systems, it could 
also be used with unstable propellant systems by introducing a 180° 
phase shift in the drive circuit whenever the amplitude exceeds a pre-
determined value. It was shown in this study that the acoustic oscil-
lator technique could be accurately used to measure the response of a 
cavity containing a burning propellant as a function of time, provided 
an accurate information on the cavity damping in the absence of the 
propellant was available. Since accurate cavity damping in the absence 
of the propellant was net easily obtainable, this study did not come ou'c 
successful. 
16 
When properly planned and executed, the forced oscillation experi-
ment can potentially offer many advantages; these include the possibil-
ity of accounting for the influence of aluminum particles in both the 
combustion zone and the gaseous phase; the possibility of carefully 
controlling the frequency and growth rate of the oscillation; and the 
same set-up may be used to study the response of a given solid propel-
lant over a whole frequency range and fewer tests are needed than with 
any of the T-burner type experiments. 
The Impedance Tube 
To overcome the limitations of T-burners and previously developed 
forced oscillation experiments, the development of a driven burner, 
based on the classical impedance tube-technique, has been undertaken 
in this study. In the classical impedance tube-technique the experi-
mental arrangement (see Figure 2-3) consists of a tube with an acoustic 
driver at one end and the sample whose admittance is to be measured at 
the other end. During an experiment, the driver generates an incident 
wave of a desired frequency that propagates along the tube until it 
impinges upon tested sample. The interaction between the incident wave 
and the test sample results in a reflected wave with modified amplitude 
and phase. The reflected wave then combines with the incident wave to 
form a standing wave pattern in the tube whose structure depends, among 
ft 7 
other parameters, upon the admittance of the tested sample. ' The 
structure of the standing wave is obtained by traversing a microphone 
probe along the tube. The unknown admittance is then computed using 























to the admittance. The tube wave behavior is described by the Helmholtz 
equation 
dx' 
-̂-2- + k V = 0 (2-7) 
The solution of Equation (2-7) can be expressed in the following form: 
p» = A e
 ikX + A e i k X (2-8) 
T" — 
and by using the momentum equation it can be shown that 
p c u » = A+e"
ikx - A_eikx (2-9) 
Using the above expressions for p' and u' the nondinensional admit-
tance Y at x = 0 can be obtained. 
The Modified Impedance Tube 
The classical impedance tube method is restricted to tests with 
isentropic, one-dimensional oscillation and without any mean flow. This 
technique was recently modified to determine the response of choked 
18 19 
rocket nozzles and acoustic liners under cold flow conditions. In 
this study, this technique is further modified in order to be used in 
20 
determining the admittances at burning solid propeliants. In the modi-
fied experimental set-up (see Figure 2-4) the test sample is replaced by 
a burning solid propellant sample and a nozzle is provided at the other 
end for exhausting the combustion products. 
During an experiment, the acoustic drivers are switched on and 
then the propellant sample is ignited. The drivers generate an incident 
19 
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wave, P of a given frequency f chat propagates along the tube. The 
presence of an axial temperature gradient in the tube results in con-
tinuous reflection of the incident and reflected waves as they propa-
gate along the tube. The interaccion of the incident wave with the 
burning solid propellant surface results in a reflected wave with a 
modified amplitude and phase. The two systems of incident and reflected 
waves interact to form a standing wave pattern in the tube whose 
structure depends, among other parameters, upon the surface admittance 
of the burning propellant sample and the axial mean temperature distribu-
tion in the impedance tube. 
Since due to hardware limitations the duration of each test run 
is very short, it is not possible to traverse a microphone in uhe impe-
dance tube to measure the standing wave structure. Instead, the struc-
ture of the impedance tube standing wave is measured using several 
dynamic pressure transducers that are located at several pre-selected 
locations along the walls of the impedance tube. The measured acoustic 
pressure data are then used to determine the wave structure in che impe-
dance tube and the admittance of the burning solid propellant. 
In a T-burner the admittance of a propellant is determined from 
the observed growth and decay rates which are observable only if the 
propellant can drive the T-burner, whereas in an impedance tube the 
admittance of a propellant is determined from the structure of the 
standing pressure wave set-up by the acoustic driver. Therefore, the 
modified impedance tube should in principle be capable of determining 
the admittances of the damping or weakly driving propellants whose 
21 
admittances can not be determined in conventional T-burners. The 
admittance of a burning solid propellant is expected to depend on 
both the frequency and the growth rate of the gas oscillation. There-
fore in comparing the driving capabilities of different solid propellants 
it is essential that their admittances be determined under identical 
conditions. In a T-burner, the relative driving capabilities of dif-
ferent propellants are determined by comparing their admittances at the 
same frequency and ignoring the different growth rates of the oscilla-
tions for which these admittances were measured. In the impedance tube 
set-up zero growth rate of pressure amplitude is maintained by keeping 
the same oscillatory flow conditions during the test. This enables 
the impedance tube technique to determine the driving capabilities of 
different propellants under the identical conditions of zero growth 
rate and at a fixed frequency. In the T-burner the frequency of 
oscillation is determined by the length of the tube, thus requiring 
several T-burners of different lengths to cover a certain frequency 
range. In contrast, in the impedance tube set-up the acoustic driver 
not the burning propellant is primarily responsible for maintaining the 
oscillation in the tube, a single tube can be used to determine the 
propellant admittance over a desired frequency range. 
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CHAPTER III 
REDUCTION OF EXPERIMENTAL DATA 
The modified impedance tube experimental set-up for the meas-
urement of admittances under high temperature conditions has been dis-
cussed in the last chapter. In this chapter the analytical procedure 
and numerical methods that have been developed, in the course of this 
investigation, to determine the unknown admittance at a surface under 
high temperature conditions in general and of burning solid propellant 
samples in the impedance tube, in particular, utilizing the measured 
acoustic pressure data, are discussed. Specifically, the analytical 
procedure and numerical methods developed to utilize a discrete number 
of acoustic pressure measurements in the determination of the struc-
ture of the standing wave and the unknown admittance at one end of the 
impedance tube, accounting for the presence of an axial steady tempera-
ture gradient along the tube and gas phase losses, will be discussed. 
The behavior of the standing wave in the impedance tube is con-
sidered with the following assumptions: (1) the combustion process is 
concentrated at the propellant surface; (2) the gas in the impedance 
tube is perfect and it consists of a single species; (3) the fluctuating 
part of the heat transfer to the wall is negligible; (4) both the steady 
and unsteady flows are one dimensional; (5) the ratios of the various 
perturbation quantities to the corresponding steady state quantities are 
sufficiently small so that all non-linear terms involving products of 
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these quantities may be neglected in the conservation equations; and 
(6) the acoustic losses in the flow field due to viscous dissipation 
and gas phase attenuation (i.e., due to presence of particles) can be 
accounted for in the conservation equations by introducing an overall 
bulk loss coefficient, which is proportional to the oscillatory velocity 
Under these assumptions, the flow in the impedance tube can be described 
20 by the following system of conservation equations. 
Continuity: jfc + |_ ( p u ) . Q ^ 
a t oX 
Momentum: |-- (Pu) + |j (pu
2) = - |£ - F (3-2) 
Energy: PT (ff + u ff) - Cy § (3-3) 
State: p = pRT (3-4) 
where: 
-F = Losses due to viscosity and gas phase damping and 
Q = Heat transfer to the wall per unit volume. 
The first law of thermodynamics: 
ds = C f- - R 4E. (3-5) 
p T p 
The remaining variables appearing in the above equations are defined in 
the nomenclature. Using the equations of continuity and state the 
momentum and energy equations can be reduced to the following forms 
respectively: 
24 
3 u , 3 u 1 3p /-.^N 
— + u —" = -r^ - F (3-6) 
3t Bx 0 3x 
££+ u Is = Q (3_ } 
3t 3x v p 
To investigate the wave behavior in the tube the dependent variables 
are expressed in the following form: 
u = u(x) + u'(x,t) 
p = p~(x) + p' (x,t) 
0 = P (X) + p' (x, t) 
T = T(x) + T'(x,t) (3-8) 
s = s (x) + s! (x,t) 
F = F(x) + F'(x,t) 
Q = Q(x) + Q'(x,t) 
where the barred quantities describe steady state variables and the 
primed quantities describe che perturbations. Substituting the expres-
sions given in Equation (3-8) into Equations (3-1), (3-4), (3-5), (3-6) 
and (3-7), linearizing the resulting equations and separating them into 
steady and unsteady equations, yield the following set of steady state 
equations: 
Continuity: ~ ("p u) = 0 (3-9) 
dx 
Momentum: u ~ = - - ^- - F~ (3-10) 
dx — dx 
P 
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Energy: u -^ = G ^ (3-11) 
dx v — 
State: p - pRT (3-12) 
d~ . c ^T _ R d? 
P f p 
dp c dp 
P P P" 
= C ^ - C ^ (3-13) 
v T P 
and the following system of unsteady equations 
Continuity: I 2-*! - (PU* + UP' ) = 0 (3-14) 
dC dX 
Momentum: { — - + u - — + u' — }p +UT-p' = -H F' (3-15) 
3t 3x dx dx 3x 
Energy: p (fsl + u' f + u f f ) + p'u f - C£> (3-16) 
State: p' = R(pT' + Tp') (3-17) 
st = C {^- - ̂ } (3-18) 
p — — 
YP P 
While this study is primarily concerned with the solution of the 
wave equations, the latter require the solutions of the corresponding 
steady state equations, which are considered next. The steady state 
continuity equation can also be expressed in the following form: 
p u = r p (3-19) 
s 
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where r and p are the steady state burning rate and the density of the 
s 
solid propellant, respectively. Using Equations (3-9) through (3-13) 
and Equation (3-19) and neglecting viscous and gas phase losses, as 
represented by F in Equation (3-10), the following system of ordinary 
differential equations is obtained: 
d£ (r P S
) 2 R P dT 
d X ' (7p s)
2RT-? 2 d X 
(3-20) 
dP = _ L { d P _ i dT (3_21) 
ax R- dx - dx 
— rp — 
du _ s dp 
dx " -2 dx 
D 
rp R T - - -
__J {£fc_JL dT } (3.22) 
p <* T d x 
Equation (3-20) can be solved once the mean temperature distribution 
T(x), the mean pressure p(x) at any one x location, the mean burning 
rate of the propellant r, the thermodynamic properties of the gaseous 
products and the propellant density p^ are known. Equations (3-21) and 
(3-22) can then be solved using the solution of Equation (3-20), 
Temperature measurements along the impedance tube could, in 
principle, be used to provide the needed axial steady temperature dis-
tribution. However, measured temperature data (i.e., see Figure A-6 in 
Appendix A) indicate the presence of a radial temperature gradient alonj 
the length of the tube. Therefore, the question comes up regarding the 
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"best" radial location to be used for the measurement of a bulk axial 
temperature distribution that is consistent with the one dimensional 
flow model. Since it is difficult to locate such a radial position in 
the impedance tube, a different approach fcr the determination of the 
average or bulk axial temperature distribution has been developed and 
it is discussed below. 
Using energy conservation considerations, it is shown in Appendix 
A and References 21 and 22 that the axial steady state temperature dis-
tribution in the impedance tube is given by the following expression: 
T(x) = T (x) + (T - T )e x / A '(3-23) 
w c wo 
where: 
( T (x) 
T(x) 
n 
; n = 0.68 (3-24) 
and the unknown constant C needs to be determined from experimental data 
In the present study this constant is determined from measured oscilla-
tory pressure data, applying a non-linear regression technique; details 
of this procedure are described later in this chapter. The computed 
value of C is the one that results in the "best" fit between the meas-
ured and computed impedance tube wave structures. The mean pressure 
p(x) can be measured at some location x = x in the impedance tube r o 
directly and the burning rate r is determined from the known propellant 
sample thickness and the observed burning time. The thermodynamic 
properties, the flame temperature T and the propellant density p are 
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generally known. As discussed in Appendix A, the wall temperature dis-
tribution T (x) is obtained from measured wall temperature data. Thus, 
w r ' 
Equations (3-20) through (3-22) can be solved to determine the axial 
distributions of all the steady stace variables. Finally, the steady 
state entropy distribution is obtained by integrating Equation (3-13); 
that is 
s - s. = C {- log 2 - log ̂  } (3-25) 
ret P "Y p * P r r ' ^ref Kref 
Solution of Unsteady Flow Conservation Equations 
The linearized partial differential Equations (3-15) through 
(3-17) are simplified by neglecting oscillatory heat transfer Q' (i.e., 
see assumption (3)). Since the oscillations in the impedance tube are 
periodic, the time dependence of the dependent variables can be accounted 
for by the following relationships: 
. ioit 
p a e 
u ' a e 1 W t (3-26) 
icot 
ci e e t c 
Using the assumed time dependence (Equation (3-26)) and e l i m i n a t i n g the 
entropy from the energy equa t ion , the conse rva t i on equa t ions for the 
o s c i l l a t o r y flow can be expressed in the fo l lowing form: 
iojp' + 4 - ( p u ' + u o ' ) = 0 (3-27) 
ax 
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{ l u u . + i_ ( u u . ) } p + u | S p ' - - ^ - - Gu' (3-28) 
1 . dp » , ~ dP ~~2 r . , . do , , nop' + -T— u1 + u -~— = c {iLop' + -r- u' + r dx dx l r ax 
- d £ l + - d £ £ : . - ^ P l ( 3 _ 2 9 ) 
dx dx — dx — J 
P D 
where: 
c = Y P/ P
 a n d (3-30) 
r 
G = Bulk loss coefficient = —r 
u 
Solving Equations (3-27) through (3-29) for the space der ivat ives of the 
velocity, pressure and density perturbations yield the following system 
of d i f fe ren t i a l equations: 
or 
dZ. 3 
- — = I A. .Z. , i = 1,2,3 (3-31) 
{Z1} = [A] {Z} (3-32) 
X X X 
where Z , Z and Z„ respectively represent a ' , p' and p' and the coef-
f ic ien ts A., are defined as follows: 
13 
A = { up ~ - j^ + i , U p + Gu }/ p ( c
2 - u 2 ) (3-33) 
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\ - r u c dp . , , — . -2 —2v ,,, « . . 
A 1 2 = {~2—— - lo j} / p (c - u ) ( 3 - 3 4 ) 
_ 1 du - c u dp , — .—2 — 2v / 0 ^ . 
A 13 - " ~ d x ~ " { ~ ^ ~ d x ; 7 p ( C - U } ( 3 " ° 3 ) 
A 2 1 = - {icop + p ~ + G + ( u
2
0 ^ - u |E- + i ^ u
2 o " ) } / ( " c 2 - u 2 ) ( 3 - 3 6 ) 
- 2 _ -
A 9 2
 = " u { ^ I J i d^ " i ^ / C c " - u ) ( 3 - 3 7 ) 
P 
A „ - u { i ^ f } / ( c 2 - u 2 ) (3 -38 ) 
2 J — dx 
p 
A,- = - — { ^ + [u p ^ - ? + M p + G u ] / ( c 2 - u V - ( 3 - 3 9 ) 
j i — dx dx dx 
A 3 2 = - - L { i L j d ^ - ±U}}/(-2 . - 2 } ( 3 _ 4 0 ) 
a p 
v _ 1 r • , r c u dp w ,—2 — 2 X . n / n 
A 3 3 = - 3 [-la) +{ — — dx ~
 u )1 ( 3 -41 ) 
a p 
The above sys t em of e q u a t i o n s can be c o n s i d e r a b l y s i m p l i f i e d when 
t h e m a g n i t u d e of t h e mean f low u i s v e r y s m a l l . For t h i s c a s e t h e o s c i l -
l a t o r y f low e q u a t i o n s become: 
^ - = l a p ' / p c 2 ( 3 - 4 2 ) 
ax 
| 2 l = - ( i a ) 7 + G)uT ( 3 - 4 3 ) 
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p'=4 + — T- (3-44) 
— 2 u> dx v 
c 
Examination of Equations (3-42) through (3-^4) shows that in this case 
the oscillatory density is decoupled from the system of differential 
equations. Therefore, Equations (3-42) and (3-43) can be solved to 
determine the oscillatory velocity and pressure, and these solutions 
together with Equation (3-44) can be used to determine the unknown den-
sity perturbation, 
Since the solutions of the systems of wave equations for the cases 
u = 0 and u = u(x) ^ 0 are similar, the method of solution for these two 
cases can be illustrated by discussing the general case, when u ^ 0, 
described in Equations (3-31). To solve the Equations (3-31), the coef-
ficients A., must be evaluated. Inspection of Equations (3-33) through 
(3-41) reveals that these coefficients can be evaluated once the steady 
state solutions of Equations (3-20) through (3-22) and the value of the 
bulk loss coefficient G are known. As described later, the quantities 
G and T(x) (which is needed to determine the steady state solutions) are 
determined by utilizing the measured oscillatory pressure data and a 
non-linear regression technique. 
Equations (3-31) are a system of three linear, homogeneous coupled 
first order ordinary differential equations, and they could be treated 
as an initial value problem once the dependent variables u', p' and p1 
are known at any x location in the impedance tube. Using these initial 
conditions, Equations (3-31) can be integrated from the initial location 
toward the propellant surface, to determine the values of the dependent 
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variables uT, pT and pf at that location, Once determined, these quanti-
ties can be used to determine the unknown admittance of the burning solid 
propellant and the entropy perturbation £t :ha propellant surface. 
Determination of the Initial Conditions 
Unfortunately, accurate measurements of Z_| and Z (i.e., u' and 
pT) are extremely difficult if not impossible. Hence, one must resort 
to the use of a different analytical technique for the solution of the 
Equations (3-31). Due to the linearity of the Equations (3-31) the 
needed initial value data on Z, and Z can be replaced by measurements 
of Z_ (i.e., p') at two additional axial locations. The mathematical 
technique that allows the use of measured Z„ data in the solution of the 
23 
system of equations is based on the "transmission matrix" concept. 
Equations (3-32) can be written in che following matrix form: 
[Z'} = [A]{Z},_ (3-45) 
X X X 
where the subscript x represents the location at which the elements of 
the matrix are evaluated. Introducing the backward transmission matrix 
[T], {Z} can be written as follows 
{Z}x - [T]x{Z}x (3-46) 
o 
Equation (3-46) indicates that once the transmission matrix [T] and 
{Z} are known, {Z} can be evaluated. To determine [T] and {Z} , 
X X X X 
o o 
one can use Equation (3-46) to ge t the fo l lowing expres s ion for {Z] 
X. 
o 
(Z} = CT] " 1 {Z} (3-47) 
X X X 
o 
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Now, differentiating Equation (3-46) with respect to x and using Equa-
tion (3-47) yield the following expression for {Zr}^ : 
X 
{Z '} . = [ T ' ] . [T]" 1(Z} (3-48) 
X A X X 
Comparing Equat ions (3-45) and (3 -48 ) , one ge t s 
[A] {Z} = [T ' l [T] / {Z} (3-49) 
X X X X X 
Since {Z} i s an a r b i t r a r y ma t r i x , i t can be e l imina ted from both s i d e s x 
of Equation (3-49) to g ive 
[T ?] = [A] [T] (3-50) 
X X X 
The matrix [Tl can be determined from the integration of Equation 
x 
(3-50) once [T] is known. By letting x go to x in Equation (3-46) 
x o 
o 




Z = [T] {Z} (3-51) 
X- X., X 
1 1 o 
Z = [T] {Z} (3-52) 
x2 X2 Xo 
Using Equations (3-51) and (3-52) to obtain expressions for the elements 
(Z„) , (Zn) leads to the derivation of two algebraic equations involv-
2 x l 2 x 2 
ing (Z_) and (Z„) . These a l g e b r a i c equa t ions can then be solved for 1 x 3 x 
o o 
(Z,) and (Z„) , s i nce Z_ a t x , x_. and xn a re known from exper imenta l l x 3 x 2 o 1 I 
o o 
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data. Thus, making use of {Z} and [T] , [Z} can be evaluated from 
X X X 
o 
Equation (3-46). 
Non-Linear Regression Tecbnique 
According to the above discussion any three pressure measure-
ments together with a known axial temperature profile can be used to 
determine the unknown propellant admittance. However, errors in the 
experimental measurements results in errors in the computed admittance 
values. These errors can be minimized by increasing the number of 
acoustic pressure measurements and utilizing a non-linear regression 
• • 24 
tecnmque in the data reduction. 
Let E. be a quantity measured at x., i = l,2,...,n and T. the 
corresponding theoretically calculated quantity evaluated at the same 
location x.. In the present problem, the experimentally measured quan-
tity is the acoustic pressure Z? which is measured at various x. loca-
tions. Nonlinear regression consists of finding values of u',p' and p' 
at x= x , (i.e., values of Z ,, Z ^, and Z .) which sive the best fit 
o ' ol' o2 o3 & 
between the theoretically predicted acoustic pressure distribution, 
obtained from the solution of the differential .Equations (3-32), and 
the experimentally measured acoustic pressures. This is accomplished 
by computing the values of u', p' and p' and x = x which minimize the 
root-mean-square deviation between the theoretically predicted acoustic 
distribution and experimental data. The calculated optimum values of 
u', p' and o' at x = x can then be used to obtain optimum values of r o 
the propellant admittance and response factor. To find the minimum 
root-mean-square deviation, the following function F is minimized: 
35 
n 2 
F = y (E. - T.) (3-53) 
i=l X 
If a minimum of F exists, then the gradient of F vanishes at the mini-
mum; that is 
3F 3F 3F 
3Z 3Z 3Z 
°1 °2 °3 
or 
lf--- 2i [ (VV« L !- 0 i k- 1,2,3 (3-54) 
°k 1=1 °k 
Equation (3-54) represents a set of three nonlinear equations for the 
unknowns Z , Z , Z as T. and 3T./3Z are both functions of Z 
°1 °2 °3 X °k °k 
A Newton-Raphson iterative scheme is used to obtain a solution of Equa-
tion (3-54) utilizing a linearized version of this equation which 
involves the expansion of T. in a first order Taylor series with respect 
to the parameters Z , Z and Z . The resulting system of linear 
°1 °2 °3 
algebraic equations can be expressed in the following form; 
3 n 
3T 
.L, i i o, .u~ o. o. .u-, 3Z 3Z 
1 = 1 kl fA ~\ 3 = 1 J J 1 = 1 °., °T, 
(i,m) 
(i,m) J - J J " j °k (i,m) k 
k = 1,2,3 (3-55) 
where m represents the m iteration. 
For compactness, Equation (3-55) will now be rewritten in matrix 
form; letting 
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Equation (3-55) can be expressed as follows 





a + 1 = Z
ra + (A m) _ 1 Bm 
o o (3-56) 
Equation (3-56) is a linear equation for the unknown Z and can be 
readily solved once the elements of A and 3 are computed. The compu-
tation of these elements requires the determination of the derivatives 
(3T/3Z ) 
(i,m) 
Since these derivatives cannot be determined analyti-
cally, numerical values for these derivatives are obtained using the 
following finite difference formula 
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.T T.(z" ...,Z° (1 + e),...) - T° 






where e is a small number. Thus, to solve for the elements of the 
, m , m _ _ . „ _ .. m 
matrices A and B of Equation (3-56), it is necessary to compute T. 
four times for each iteration by solving Equations (3-32) . The first 
solution is obtained at Z and the remaining solutions of T. are 
o l 
obtained by varying each of three parameters by a small amount eZ in 
°k 
succession. 
The nonlinear regression technique can also be used to determine 
the values of the heat transfer parameter C and the bulk loss coefficient 
G. In this case the function F in Equation (3-53) is differentiated par-
tially with respect to C and G representing them by Z and Z respec-
°1 °2 
tively, and the derivatives are equated to zero. Then all the steps 
involved in the procedure leading from Equation (3-54) to (3-57) are 
repeated to evaluate the optimum values of C and G. 
In the actual computational scheme, the function F in Equation 
(3-53) is expressed either using the real and imaginary parts (i.e., 
which can be computed from the amplitude and phase) of the oscillatory 
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pressures or by oscillatory pressure amplitudes only. Accordingly, 
the following F functions have been used. 
* - . n < p ; , e - p ;
) 2 + ( pie- ;>p 2 i o-58) 
n 0 




The variables appearing in the above equations are defined in the nomen-
clature. Computational schemes using Equations (3-58) and (3-59) were 
developed for the following reasons. It was found that the magnitude 
of the errors in the measured phases near the pressure minima were 
unacceptable. This necessitated the development of a scheme to obtain 
values of u', p' and pT at the propellant surface using only pressure 
o o o 
amplitude data, which could be measured within acceptable tolerance near 
the pressure minima. Moreover this would provide a check on the accuracy 
of the admittance values determined using both oscillatory pressure 
amplitudes and phases. The numerical solution of Equations (3-32) gives 
the real and imaginary parts of the oscillatory pressures at locations 
in the impedance tube where these values are determined experimentally. 
Therefore the derivatives of these variables with respect to u', p' and 
o o 
pT (i.e., 3p'/3Z. and 3p'./3Z.) can be readily computed and used in the 
o r l l i 
nonlinear regression scheme were both the amplitude and phase of the 
oscillatory pressures are needed to compute the admittances. In the sec-
ond scheme where only the pressure amplitudes are used to compute the 
admittances, the derivatives 3p'/3Z. are obtained using the 3p'/3Z. and 
a I r l 
3p'./3Z. computed in the first scheme. Representing the real and imagin-
ary parts of u', p? and p1 by Z., i=l,2,...,6 the derivatives of 
J r 0 0 O 1 
p r e s s u r e ampl i tude pT a r e given by 
cl 
' 2 + ?:2 
r r i 
3Z. 3Z. p ' ^Pr 3Z_. ' p i 3Z, 
'P! 3 / ( P : Pi ) i K 3P 
- ) (3-60) 
i i " a l i 
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Once these derivatives are computed the nonlinear regression can be used 
to minimize the error between theoretically computed and experimentally 
measured pressure amplitudes. 
These minimized error terms are computed in this scheme and are 
defined as follows: 
EA = n 
9 n 













where E, and E, are the root mean square deviation errors in pressure 
A <£ 
amplitude and phase respectively. The remaining variables appearing in 
the above equations are defined in the nomenclature. The root mean 
square deviation errors are termed as experimental errors in this thesis 
for convenience. 
Computational Scheme to Minimize the Error 
The nonlinear regression is used to find the values of u', pT 
o o 
and p' at the propellant surface which give, the best fit between the 
theoretically predicted acoustic pressure distribution and the corre-
sponding experimentally measured acoustic pressures. A similar nonlin-
ear regression procedure is also used to obtain the constants C and G. 
Since these two nonlinear regression operations are coupled, they must 
be solved together to obtain the propellant admittance. The manner in 
which this is being done is briefly explained in what follows: 
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1. Initially, arbitrary values of C and G are chosen, and, using 
the "Transmission Matrix" scheme a set of "initial" values for uT, p' and 
o o 
p' at the propellant surface is computed. 
o 
2. The nonlinear regression scheme is then used to obtain the 
values of u', p' and p' which minimize the root-mean-square deviation 
o ro o 
between the theoretically predicted data and the experimentally measured 
data for the chosen values of C and G. 
3. Then the values of C and G are recomputed while keeping (and 
using) the determined (in Step (2)) "optimum" values of u', p' and o? 
constant. 
4. Steps (2) and (3) are repeated until u', p' p1, C and G 
o o o 
converge to a given s e t of v a l u e s . 
I l l u s t r a t i o n s of Computational Scheme 
To check the accuracy of t he da ta r e d u c t i o n schemes d i scussed in 
the l a s t s e c t i o n , computations were performed for a number of h y p o t h e t i -
c a l cases for which t h e exact v a l u e s of C, G, u 1 , p ' and pT were assumed 
o o o 
to be known. Using these values as initial conditions, the conservation 
equations (i.e., Equations (3-31)) describing the oscillatory flow field 
in the impedance tube were solved to determine the "exact" wave structure 
in the hypothetical impedance tube. A number of pressure data at differ-
ent axial locations along the tube were taken from the solution of the 
Equations (3-31) and were perturbed from the exact value. The deviations 
would correspond to the inherent experimental errors in the impedance 
tube operation. These modified pressure data were then fed into the 
developed data reduction programs in an effort to determine the error in 
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the admittance computation resulting from the experimental inaccuracies. 
Careful examination of the results obtained from the various investigated 
hypothetical cases indicates that the heat transfer parameter fC' con-
verges rapidly to its correct value, whereas the bulk loss coefficient 
'G? converges slowly. Therefore, to obtain an accurate value of G the 
tolerance limit must be kept as small as possible and the errors in the 
input pressure data should not be too large. Two sets of such computa-
tions are presented below. 
Case 1: In this case the bulk loss in the impedance tube was 
assumed to be zero. Then with the known values of C, u', p', p' the 
Equations (3-31) were solved and hypothetical pressure data were 
obtained. An arbitrarily chosen initial value of C and the modified 
pressure data were then used to recompute the wave structure and the 
desired value of C. The computed wave structures are shown in Figures 
3-1 and 3-2, and Table 3-1 provides a comparison between the "exact" 
and the computed values of C, u', p', p' and the admittance. 
o o o 
Case 2: In this case Equations (3-31) were solved for a situation 
where the bulk loss was assumed to be present in the impedance tube. 
Thus a bulkloss coefficient G was also assumed in this case. Then using 
the known values of C, G, u', p' and pf Equations (3-31) were solved and 
hypothetical pressure data were obtained. Then assumed arbitrary values 
of C and G and the modified pressure data were used to recompute the 
wave structure and the values of C and G. The computations were done 
for two different values of the real parts of the admittances, that is, 
+0.1 and -0.1. The computed wave structures are' plotted in Figures 
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0.943 0.972 0.973 
145.436 145.815 145.818 
230.2 229.9 228.6 
1.48 1.301 1.308 
-21 .4 -18.17 -18.27 
612x10"6 .6472xl0~ 6 .647 7x l0" 6 
229.0 228.7 227.4 
-0 .05 -0.049757 -0 .052565 
Table 3 - 1 . Comparison Between Correct: and Computed 
Values Using Nonlinear Regress ion 
Parameters Correct Computed Values Guessed 
Values Using Using 
Amplitude Amplitude 
and Phase Only 
Heat Transfer Parameter , C 2.0 
Pressure Amplitude, D.B. 
Phase, Deg. 
Velocity Amplitude, Ft/S 




' Phase, Deg. 
Real Part of Admittance, Y 
3-3 through 3-6 and the various parameters and variables computed using 
the developed data reduction scheme are compared with the exact values 
in Tables 3-2 and 3-3. In one of the two computational schemes used to 
compute the variables at the propellant surface, the bulk loss coeffi-
cient was kept zero. In this case (i.e., Plot 3 in Figures 3-3 through 
3-6) the computed wave structures do not agree well, particularly at and 
near pressure minima with the exact wave structures, and there are con-
siderable discreDancies between the computed and exact values of u', p?, 
r o o 
p' and the admittance Y. In the second case the bulk loss coefficient G 
o 
was also included in the computational scheme resulting in good agreement 
between the wave structures (i.e., between plots A and C in Figures 3-3 
through 3-6) and the variables u1, pr and p'. 
° o o o 
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Examination of Figures 3-1 through 3-6 and the Tables 3-1 through 
3-3 indicates very good agreement between the assumed and computed 
values of u', p', ', C, G and the admittance Y. This good agreement 
o o o 
suggests that the data reduction procedures developed as part of this 
research effort can be used to determine the admittance values in the 
impedance tube experiments without much loss of accuracy, even when small 
errors are present in the experimental data. 
Table 3-2. Data Computed with Loss, Using Nonlinear 
Regression for a Positive Real Admittance 
Chamber Pressure = 300 Psi 
Frequency of Excitation = 1000 Hz. 
Parameters Exact 
Values 
Computed Back Values Using NLR 
Loss Coefficient 















P re s su re Amplitude, DB 
Pres su re Phase, Deg. 
Veloc i ty Amplitude, F t / s 0.088204 
Veloc i ty Phase, Deg. -75.496 
3 
Densi ty Amplitude, Stag/Ft 0.61433x10 

























Table 3-3. Data Computed with Loss, Using Nonlinear 
Regression for a Negative Real Admittance 
Chamber Pressure = 300 Psi 
Frequency of Excitation = 1000 Hz. 
Parameters Exact 
Values 
Computed Ba ck Values Using NLR 
Assuming Loss Coe f f i c i en t and 
Zero Loss Heat Transfer 
Parameter Computed 
Simultaneously 
Real Adm: Y 
r 
- 0 . 1 -0.14304 -0.10023 
Imaginary Ad: Y. 0.15 0.13624 0.13652 
Loss CF: G 1.5 0 . 0 1.465 
HT. TR. PR: C 1.0 1.021 1.025 
P re s su re Amplitude 145.4357 145.5 145.5 
P ressu re Phase 230.1944 230.0 230.3 
Ve loc i ty Amplitude .088204 .09761 0.08306 
Veloc i ty Phase - 6 . 1 1 5 6.445 -3 .42 
Density Amplitude 0 .61433xl0" 6 0.625x10~6 0.6198xl0" 6 
Densi ty Phase 227.889 226.8 228.0 
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CHAPTER IV 
ACOUSTIC BEHAVIOR OF IMPEDANCE TUBE 
The acoustic behavior of the impedance tube is investigated 
extensively in this chapter to provide data that could be used as a 
guide in the interpretation of the experimental data. The results 
reported in this chapter will also describe the behavior of the oscil-
latory velocity, density, temperature and entropy in the impedance tube, 
as these variables are normally difficult to measure. These results are 
obtained for various boundary conditions. 
1. Dependence of the Impedance Tube Wave Structure Upon the Propellant 
Surface Boundary Conditions 
i • - * - • 
An extensive study of the dependence of the impedance tube wave 
structures upon the boundary conditions at the propellant surface has 
been conducted to obtain a better understanding of the acoustic charac-
teristics of the impedance tube which will be needed in the interpreta-
tion of the experimental data. The investigated variables include the 
pressure, velocity, density, temperature and entropy waves. The boundary 
conditions at the propellant surface may be described by the admittance 
Y, the oscillatory pressure pT and the oscillatory density pf. The 
oscillatory velocity u' at the propellant surface is then obtained from 
the known values of Y and pT. Equations (3-31) can then be solved, 
using the specified values of u', p' and pT at the propellant surface to 
obtain the wave structures in the impedance tube. In this inves(ligation, 
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the wave structures in the impedance tube have been determined for 
both positive and negative values of the real part of the admittance. 
A positive real admittance at the propeliant surface implies a condi-
tion which results in wave energy addition from the burning propeliant 
26 
to the gas phase (i.e., the propeliant is amplifying the waves). On 
the other hand, the oscillation in the impedance tube is attenuated (or 
damped) by the boundary if the real part of the admittance at the pro-
peliant surface is negative. 
The mean flow variables (i.e., u(x), T(s), p(x) etc.) used in 
this investigation are computed from the steady conservation equations 
using the mean temperature distribution given by Equation (3-23). The 
various flow properties and the axial distribution of the mean flow 
parameters in the impedance tube, which are used in this analysis, are 
presented in the following table, (i.e., Table 4-1) and in Figure 4-1, 
respectively. 
Table 4-1. Data Used to Compute Impedance 
Tube Wave Structure 
Flame temperature, T : 3780°R 
Wall temperature constants : A= 530, B=634, B = -0.285 (see Eq.A-11) 
Specific heat ratio y : 1.23 
Specific heat at constant 
pressure, C : 0,45 BTU/lbm °R 
P 
, 3 
Density of the Propeliant, p : 100 lbs/ft 
o 
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The relationship between the sign of the real part of the pro-
pellant admittance and the characteristics of the pressure phase dis-
tribution had been investigated and the results obtained were used in 
the experimental phase of this program. Since the phase-distance 
relationship will be used to determine the behavior of the propellant 
(i.e., driving or damping) it would be desirable if one could obtain an 
analytical relationship between the real part of admittance and the 
derivative of phase with respect to axial distance. It is difficult to 
obtain such a relationship when the acoustic waves are described by solu-
tions of a system of differential equations. Therefore, in this section, 
an analytical relationship between real part, of the admittance and the 
spatial distribution of pressure phase is obtained for an isentropic flow 
condition only. 
The isentropic wave equation for the no flow case is given by: 
4^+ kV = 0 (4-1) 
dx 
The solution of Equation (4-1) can be expressed as follows: 
p' = - iA sinhUa - i(7T3 + kx)] (4-2) 
and by using the momentum equation it can be shown that 
u' = ~ {cosh[™ - KITS + kx) ] } (4-3) 
P c 
using Equations (4-2) and (4-3), the admittance of the surface at x=0 
can be written as 
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- - u1 




Y = tanhCTi^-Sec^C-re) , ^ 5 ) 
tanh^C ira) + t a n (TI$) 
and 
2 
v - t an (TTB) 'Sech (TTCQ , , ,v 
Y± - 2 2
 ( 4 ~ 6 ) 
t a n h ( TTCO + t a n (IT3) 
E x p r e s s i n g p 1 a s p ' = p ' | e , t h e p r e s s u r e a m p l i t u d e | p ' | and t h e 
p h a s e 0 can b e o b t a i n e d from E q u a t i o n ( 4 - 2 ) and t h e y a r e g i v e n by 
| p ' | = A [ c o s h 2 ( 1 y a ) - COS 2 (TTS + k x ) ]
1 / 2 ( 4 - 7 ) 
$ = Arc t a n [ t a n h ( ^ a ) - C o t (TTS + kx) ] ( 4 - 8 ) 
Differentiating Equation (4-8) with respect to x, the slope of the 
phase is obtained: 
2 
d<ft . tanh(Tia)-Sec (TT0 + kx) . , //_cn 
tanh (TTCI) + tan (TT3 + kx) 
Using Equation (4-5), Equation (4-9) can be expressed as follows: 
2 2 9 
<L& = _ y rk(
tanh (trq) + tan (̂ g))-Sec U3+kx) -j (4_10x 
d x r Sec2 (ITS) (tanh2 (TO) + tan
2 (TT8+kx) ) 
The term inside the square bracket in Equation (4-10) is always posi-
tive. Therefore the slope of the axial pressure phase distribution 
depends on the sign of Y__. If Y is positive, the slope becomes negative 
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and vice versa. 
During an actual test, when a solid propellant sample is ignited 
inside the impedance tube, the flow does not remain isentropic. In 
this situation the flow field is described by Equations (3-31) and the 
relationship between the real part of the admittance and the pressure 
phase distribution in the impedance tube is obtained numerically. The 
axial variation of the acoustic pressure amplitude and phase, obtained 
by numerical computations are presented in Figures 4-2 through 4-5. 
Figures 4-2 and 4-3 contain pressure amplitude and pressure phase plots 
for different values of real admittance at the propellant surface, respec-
tively, obtained when the mean flow velocity a is neglected. Figures 
4-4 and 4-5 correspond to Figures 4-2 and 4-3 respectively and are 
obtained when a mean flow velocity is incorporated in the computations. 
An examination of these figures indicates that for negligible mean flow, 
the pressure amplitude depends only on the magnitude of the real part 
of the admittances and for a positive real admittance at the propellant 
surface the slope °* the pressure phase-distance curve is negative, and 
vice-versa. Also, a near zero slope is observed when the real part of 
the surface admittance is a very small number. When the mean flow 
velocity u is included, the above mentioned symmetry is lost (see Figure 
4-5). These results show that the presence of a mean flow velocity tends 
to make the slope of the phase-distance curve more negative, with the 
result, that for zero and small negative values of the real part of the 
propellant admittance the slope of the phase-distance curve still remains 
negative. An examination of the pressure amplitude data (Figures 4-2 
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and 4-4) indicates that the amplitudes of the acoustic pressure at 
successive nodes and antinodes increase with increasing distance from 
the propellant boundary. Also, the pressure amplitude at a given 
antinode increases with increasing magnitude of the real part of 
admittance at the propellant surface. 
Additional parametric studies were conducted to illustrate the 
spatial dependence of pressure amplitude and phase. Figures 4-6 and 4-7 
respectively describe pressure amplitude and phase distribution for 
different imaginary parts of the propellant surface admittances, keeping 
the real value of the admittance fixed. These figures clearly show that 
the pressure amplitude magnitudes and pressure phase slopes do not change 
with the imaginary part of the admittance. The location of the pressure 
minimum shifts away from the propellant surface with increasing value 
of the imaginary part of the admittance. Figures 4-8 and 4-9 describe 
the spatial dependence of the pressure amplitude and phase for differ-
ent propellant burning rates (or propellant surface Mach numbers) while 
the admittances are kept fixed. These figures show that the magnitude 
of pressure amplitudes at the pressure minima goes on increasing and the 
slope of the phase-distance curve decreases with the increasing value 
of burning rate. Therefore, for a higher burning rate or surface Mach 
number the apparent real admittance looks higher compared to that at 
negligible Mach number. 
Figures 4-10 through 4-13 are the plots of oscillatory velocity 
amplitudes and phases for cases with and without mean flow velocity. 
The behavior of the velocity amplitudes and phases appear to be similar 
62 

































^ _ J c 
'-ICE o 


























00*£H~ 00-691 00-S£ri 
NI naniiidwu 3^nss3^d 
00" \{\~ 00" £.2 P 
AyQltmiDSO 
63 






































CD i— i— 
1— z • — i 
CL LU 3 
_ l a: 
i LU <—i 
• — i Li_ >-
LJ Li_ • 
co t—t CO 
a CD LU 
CJ 
L_ OH z 
CD CD CE 
Lu h-
z \— 
CD LU •—i 
• — i CO zr 
1— CC CD 
cc X CE 
1—1 Q_ 
a: >-
cc LU C£ 
> Cd CE 
CD z 
_ i CO 1—1 
CE CO CD 
• — i LU CE 
X C£ zr 
cr Q_ i—i 
a 
a ~* a 
io i/i + 1 0- n n 
Ul a z u 
o z 
m l - J CE 
tn >— •— ii a •— 
>— ^ - i u ^ - i c 
a: X a 
^ u cc </5 
to u. l i -
u a es 
a: 
a. >- h-u a: 
oc z a. 
UJ Ul Q_ 
03 =) c a _J 
a Ul cr 
X oc Ul 
a U. ae 
O LD LO LO LO O 
CM - - —' o CD CD O CD CD " —' CM 
o o o o CD CD CD CD CD CD o o 
II II II II II II II II IJ II II II 
c 
> - 3 - -• > >- >-, 




0 0 * 0 9 0 0 - 0 1 
AcJOlHllIDSO 
DO 0LZ 00 *002 00* OB I 












££ C£ CO . 
CD LU Chr CO 
h - Li_ * 2 1 
CE u_ h— « 
_J i—i 2 1— 
, CJ cr ^ i _ 
i — i i cr 
C_J Qd _ j _J 
CO CD LU _ j 
CD L J _ Q_ LU 
CD CL 
o_ U _ I CL ID <Si 
CD CD CL CL a. 
CD Q_ a 
z: \— - L - ' 
CD i — ' a 1— en 
>—< _J cr ii 
i— CL LU J J 
cr ZZ j — CL ce 
^ 3 i — i CE cr LU 
or. C£ QD OT 
cr LU 11 QC 
> ct: a CD Q. 
CD -z. Z. QC 
! LO > — i LU 
CL CO z: TL z: 
> — • • _U CL CJ cr 
X 
u 
X CC CD cr 






or. a J 
C I a CJ 
>- °^ CE 
2 
" o j c r
C£ 
LQ 
2 : , , 
Q 
a 
L I , 
^ ' CE 
• " * 
X 
CE 
GQ NI dan 
0 0 - 6 2 1 0 0 - 2 2 
I n d N b 3^HSS3^d Jk y o J. b "i 1 1 J S L n 
65 
C O ' 3 L Z 
3G NI 3SHH 
C O ' O O Z G O • G £ I O O ' C S 
3ynSS3XJd A ^ u i U 

































NI 3G n 
G8J I 0Z- ! 
I id^U Ai I 30 
9 T J 
A O 
00' CP 
y i i i j s o 














O h - "S 
U: ! , 
OJ 
CJ 1/1 
2 : re 
. C 
Q . 
1 i ! >̂  
4-J 
O (_J 





















i l D G ~ 3 A A ^ O x b l i r J S O 
70 
to those of the oscillatory pressure amplitudes and phases. However, 
a difference is observed in velocity amplitude plots (i.e., Figures 
4-10 and 4-12) compared to the pressure amplitude plots (i.e., Figures 
4-2 and 4-4), in that the amplitude of the oscillatory velocity at 
successive nodes decrease with increasing distance from the propellant 
surface. Figures 4-14 and 4-15 show the axial variation of oscillatory 
velocity amplitude and velocity phase respectively for different burning 
rates of the propellant. The variation of velocity amplitudes and 
phases with respect to the axial distance are similar to the behavior 
observed in the pressure amplitude, and phase plots, for different burn-
ing rate of propellant (see Figures 4-8 and 4-9). 
Mean chamber pressure does not affect the oscillatory pressure 
amplitude, pressure phase and velocity phase. But the oscillatory 
velocity amplitude decreases rapidly with the increase of mean chamber 
pressure (i.e., see Figure 4-16). 
The oscillatory density phases for zero mean flow case are quite 
similar to those of oscillatory pressures (see Figure 4-3) . The oscil-
latory density amplitudes for zero mean flew are plotted in Figure 4-17 
for different real admittance values at the propellant surface. These 
plots closely resemble the oscillatory pressure amplitude plots (i.e., 
see Figure 4-2) except that the density amplitude increases much more 
rapidly at successive density antinodes as compared to the growth of 
pressure amplitudes. 
When a mean flow velocity is introduced, the density amplitudes 
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(i.e., density waves) on the top of the acoustic waves observed in 
Figures 4-18 and 4-19. This happens due to the presence of entropy 
waves, propagating with the mean flow speed. The magnitude of these 
entropy waves increases with increasing magnitude of the real part 
of the admittances. 
Figure 4-20 shows the axial variation of the oscillatory temp-
erature amplitudes for different real admittances when there is no 
mean flow in the impedance tube. The behavior of these plots are 
quite similar to those of the oscillatory density (shown in Figure 
4-17), with the exception that subsequent temperature maxima decrease 
with axial distance. Figures 4-21 and 4-22 describe the oscillatory 
temperature amplitude variation for two different real admittances 
when a mean velocity is included in the computation. One observes a 
pattern similar to that seen in the density amplitude behavior; that 
is, a periodic oscillation is superimposed over the no flow amplitude 
distribution. The magnitude of these oscillations increase rapidly 
with the real admittances (i.e., see Figure 4-22). Figures 4-23 shows 
the axial variation of the oscillatory temperature phase for different 
real admittances with mean flow. When compared to the oscillatory 
density phase distributions shown in Figure 4-19, the temperature 
phase distributions (i.e., Figure 4-23) show a rapidly growing oscil-
lation nearer to the propellant surface, which rapidly dies out with 
increasing axial distance. 
Figures 4-24 and 4-25 show the axial variation of acoustic 
entropy amplitude and phase respectively for different real parts of 
the admittances, when there is no mean flow in the impedance tube. 
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The distribution pattern observed in these figures are qualitatively 
similar to those observed in the plots of the oscillatory temperature 
amplitude and phase distribution. Figure 4-26 describes the axial dis-
tributions of entropy wave when there is a mean flow in the impedance 
tube. As expected, the presence of a mean flow results in a periodic 
oscillation that is superimposed upon the "no flow" entropy wave pat-
tern. The amplitudes of the oscillations in Figure 4-26 are very large 
compared to those observed in the no mean flow case. 
Figures 4-27 and 4-28 respectively describe the axial variation 
of real and imaginary parts of the admittances in the impedance tube for 
different values of the real part of admittance at the surface of the 
propellant (i.e., at x= 0). Figure 4-27 shows a symmetric variation of 
real admittance about the x co-ordinate, whereas Figure 4-28 shows the 
identical distribution of imaginary part of the admittance for the same 
value of positive and negative real admittances at x=0. The axial 
variation of the real part of the admittance (i.e., see Figure 4-27) 
also shows a gradual change along the impedance tube with the exception 
of the vicinity cf the pressure nodes where high peaks are observed. 
The axial variation of the imaginary part of the admittance (i.e., see 
Figure 4-28) shows more rapid changes with distance and at pressure nodes 
the peak moves from a high negative value to a high positive value. 
The usefulness of the spatial distributions presented in Figures 
4-2 through 4-28 for the pressure, velocity, density, temperature, 
entropy and the real and imaginary parts of the admittances in the impe-
dance tube can be summarized briefly as follows. (1) The spatial 
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88 
Figures 4-2 through 4-9 are used to interpret the experimental data to 
determine the driving capability of a propellant. Figures 4-6 and 4-7 
indicate that a change in the imaginary part of the impedance does net 
alter the driving capability of the propellant. (2) The spatial dis-
tributions of oscillatory velocity shown in Figures 4-10 through 4-16 
can also be used to interpret the experimental data if the oscillatory 
velocity distribution is measured in an experiment instead of acoustic 
pressures. (3) Although the variations of oscillatory density, temper-
ature and entropy, in the impedance tube, shown in Figures 4-17 through 
4-26, do not have any direct bearing on the measurement of the admit-
tance, they are obtained in this investigation for academic interest, 
for a situation, at which the oscillatory pressure or velocity distribu-
tions are available from an experiment. (4) Figures 4-27 and 4-28 show 
the spatial distributions of real and imaginary parts of the admittance. 
It is observed from these figures that the real part of the admittance 
becomes maximum at pressure nodes, indicating that an admittance meas-
urement around this location might be more accurate, since its relative 
magnitude is high. Thus the admittance value at the propellant surface 
can be determined more accurately from the admittance value at its maxi-
mum location. 
2. Particulate Matter •- Acoustic Wave Interaction 
This section presents the results of an investigation carried out 
to determine the influence of particulate matter upon acoustic behavior 
of the impedance tube. This analysis has been performed in an effort 
to understand some of the trends exhibited by the experimental data, 
89 
which will be discussed later. The theory of particulate attenuation 
and dispersion of sound is formulated in a manner that explicitly shows 
27 28 
the relaxation character of the problem. '' The analysis presented 
herein is based on the following assumptions: (1) the gas is thermally 
and calorically perfect; (2) the density of the particles is much 
greater than the density of the surrounding gas; (3) mass transfer 
between particles and gas is absent (i.e., evaporation, condensation 
and chemical reaction are excluded); (4) the total heat-transfer and 
drag force between the particulate and gas phases is the sum of the 
effects due to each particle. This assumption implies that the particle 
diameter is much smaller than the distance between the particles and it 
restricts the theory tc low particle-volume concentrations; (5) the 
fluctuations of pressure, density, and temperature produced by the 
acoustic waves are assumed to be sufficiently small as compared with 
their mean values so that their products can be neglected. Similarly, 
the fluid velocity is assumed to be much smaller than the speed of sound. 
Using the above assumptions, one-dimensional wave motion through 
a stationary gas phase containing spherical particles in suspension is 
investigated by solving the following system of linearized conservation 
28 
equations: 
Gas Phase Continuity: ~ - + u' ~ + p ̂ r— = 0 (4-11) 
a L QX oX 
Gas Phase Momentum: p T~ + ~^~ = *& (4-12) 
o t aX p 
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C 
Gas P h a s e Ene rgy : - ~ { & - - "c~2 (~^- + u ' ^ )> = nQ + n~F ( u ' - u ? ) ( 4 - 1 3 ) 
K. d t 6t QX p P P 
3p _ ou 
Particulate Continuity: -—^ + nm -•—̂  = 0 (4-14) 
y 3t p 3x 
3u» 
Particulate Momentum: m -r~ = -F (4-15) 
p 3t p 
Particulate Energy: 
3T' — 
EH C'[ —2-+ u' ~ ] = -Q (4-16) 
P P at p dx p̂ 
Equation of State: p' = R(p' T + p T') (4-17) 
Assuming a low Reynolds number flow, the drag of the particles 
can be expressed by Stokes' law for the motion of a sphere in a viscous 
fluid and the heat transfer coefficient h can be taken to equal k/r, 
where k is the coefficient of thermal conductivity of the gas and r is 
28 
the particle radius. Thus, 
6iru 
F = ^ (u' - u') (4-18) 
P g P 
and 
Q = 4urk (T! - T') (4-19) 
P P 
The dynamic relaxation tine of the particle can be expressed as 
r = 2r2 P~ /9y (4-20) 
d p 
28 
where the thermal relaxation time of the particle is given by 
r = P C r2 ^ /3u C 




' t - K ^ K ' d (4-2i) 
p 
Using the above expressions, the momentum and energy equations for the 
particles can be rewritten as: 
8u' 
— P - = - (U» - U ' ) / T (4-22) 
dt p d 
and 
3'T? — 
— ^ + u' £ = - (T' - T')T (4-23) 
dt p dx p t 
Assuming periodic time behavior of u' and T? (e.g., u'ae ), Equations 
(4-22) and (4-23) can be used to obtain the following results. 
uf = u'/(l + lore,) (4-24) 
P d 
T? = (T' - r u' ̂ ) / ( l + I O J T . ) (4-25) 
p t p dx t 
Rewri t ing Equation (4-19) in the form 
T« = _L pi _ J L p i (4-26) 
RP P 
and using Equations (4-24) through (4-26), F and Q can be expressed as 
F « _ 6jLHX {ioj / ( 1 + i w T ) } u, (4_2y) 
p g d d 
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Q = -^rki-j** , [— (p' -^-p') + - ,u' . ̂  ]} (4-28) 
XP ^ (l+lCDTt) R ~ 0 (l+lO)Td) dx
 J J 
Neglecting nF (u1 -u 1) in Equation (4-13) and assuming periodic time 
behavior of uT, p' and pT, Equations (4-11) through (4-13) can be 
rewritten as follows: 
A o. — A., t 
Cont inu i ty : imp' + ^ - uT + p ^ - = 0 (4-29) 
dx dx 
Momentum: ioopu' + —̂— = nF (4-30) 
dx p 
Energy: icop ' - c2 (iojp1 + ~^ u ' ) = ^ Q (4-31) 
V 
Solving Equations (4-29) through (4-31) for ^ _ and | ~ y i e l d s 
- £ - - A u p- + A1 2 u ' (4-32) 
3 T " A21 P' + A22 " ' ( 4 " 3 3 ) 
where 
A u - 0 
r — iWT , 
oiryrn d . — 
A = - • . - l u i p 
12 g 1 + 10JT 
1 + C 
A 2 1 - " — ! + c / ,
 ( 4 " 3 4 ) 
p C O 
RCo dT luJTd 
'22 - 2 dx ( l + i u ) T , ) ( l + C /v) 
c d o 
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, _ 4-n-rkn t 
and C = 0 _ — 1 + LOJT 
C p 
V 
To investigate the effect of the particulate matter upon the 
wave structure in the impedance tube, Equations (4-32) and (4-33) are 
solved for different boundary conditions at x = 0 and different par-
ticle loadings in the gas phase. In the present investigation the 
particle diameter is taken as 1 micron and the particle properties 
are chosen to be close to those of carbon particles; the chosen particles 
and gas phase properties are listed in Table 4-2. 
Table 4-2. Properties Associated with Two Phase Flow 
Cf specific heat of the particle = 0.17 BTU/lb. °F 
p density of the particle = 160 lb./ft."J 
Y specific heat ratio of the gas = 1.28 
C specific heat of the gas at constant pressure = 0.45 BTU/lb. °F 
P Prandtl 'No. =0.8 
r 
\i c o e f f i c i e n t of v i s c o s i t y of the gas = 5.925 x 10_i+(T°R/6273) ' 
lbm/f t .sec . 
o 
k thermal conductivity = C u/P_ BTU/sec./ft. (°F/ft.) 
n particle density = Vp7 p V 
g P P 
R gas constant = 2480 ft. lb /slug °R 
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The computed wave structures are plotted in Figures 4-29 
through 4-32. In Figure 4-29 the dependence of the acoustic pressure 
phases are plotted for an assumed admittance value of .0002 + i 0.15 
at the burning propellant surface (i.e., x = 0) for various particle 
loadings. For zero particle loading, the phase plot indicates wave 
energy addition (i.e., driving) at the propellant surface as discussed 
earlier in this thesis when the real part of propellant surface admit-
tance is positive. With a small particle loading, the slope of the 
phase-distance curve starts changing, beginning at the propellant sur-
face where the slope remains the same as long as che propellant surface 
remains unchanged. The change in slope as one moves away from the pro-
pellant is due to the wave energy dissipation by the particle-wave 
motion interaction. Further increase in the particle loading results 
in a complete reversal of the slope of the phase-distance curve from 
partially negative values to completely positive values. It should be 
emphasized, however, that in all of these cases, the slope of phase-
distance curves does not change at the propellant surface, indicating 
the same wave energy addition. Figure 4-30 shows a plot similar to the 
one presented in Figure 4-29 but for higher positive value of the real 
part of the surface admittance. A comparison of the two indicates that 
with an increase in the value of the real part of the propellant admit-
tance, wave energy is transmitted from left to right for all the 
investigated particle loadings. Figure 4-31 describes the dependence 
of the phase-distance curve upon the real part of the propellant surface 













N _̂_ CVJ 
' L • O 
(1 LP o O H • 













































S - i 














rH o CTN CC OJ 
en -CO CM CM LP 










































_̂ - w 



































OJ H o 


















O i n 




"H—1 1 £1 | ^ 




















r-H o CTN CO OJ rH o 
CC m OJ OJ UA LTA UA OJ OJ OJ OJ 
CA 












h-j N - O o 
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99 
may also be noted in this figure. Figure 4-32 presents a plot of the 
standing wave amplitude for different particle loadings. Examination 
of this figure shows that a higher value of the particle loading 
reduces the wave length and increases the pressure amplitude at the 
nodal points. 
Though the particulate attenuation analysis explains some of 
the trends exhibited by the experimental data, it is not possible to 
account for these losses in the data reduction scheme as the informa-
tions regarding the particles (i.e., particle density, particle size, 
etc.) present in the flow are not evaluated in the present experimental 
study. However, the acoustic losses in the flow field due to viscous 
dissipation and gas phase attenuation (i.e., due to presence of par-
ticles) can be accounted for in the conservation equations by intro-
ducing an overall bulk loss coefficient, which is proportional to the 
oscillatory velocity (see Equations (3-27) through (3-30)). The values 
of loss coefficients are evaluated from the pressure data which are 
measured experimentally in this study, as discussed in Chapter III. 
To investigate the effect of the bulk loss coefficient upon the 
wave structure in the impedance tube, Equations (3-27) through (3-29) 
are solved for different boundary conditions at x= 0 and different bulk 
loss coefficients. The computed wave structures are plotted in Figures 
4-33 through 4-36. The dependence of the acoustic pressure amplitudes 
and phases are plotted in Figures 4-33 and 4-34 respectively for an 
assumed admittance value of 0.05+ i 0.15 at the burning propellant 
surface for various loss coefficients, G. Examination of Figure 4-33 
100 
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shows that for loss coefficient G = 1, the pressure amplitude at first 
node goes down, since the effective value of the real part of admittance 
becomes smaller. For higher values of G the effective real part of 
admittances become negative but their magnitudes are higher. So the 
pressure amplitudes at the first nodal point start increasing compared 
to that at G= 1. Figure 4-3 5 shows a plot similar to the one presented 
in Figure 4-34 but with a zero value of the real part of admittance. 
In this case a square type phase-distance distribution is obtained for 
zero loss coefficient and for any other value of loss coefficient the 
shape of phase-distance curve becomes positive (i.e., damping). Figure 
4-36 describes the dependence of the phase-distance curve upon the real 
part of the propellant surface admittance for a fixed loss coefficient. 
3. Dependence of the Impedance Tube Wave Structure Upon the Propellant 
Self-Noise 
The study described in this section has been conducted in an 
effort to explain some of the unexpected results which were obtained 
during an experimental phase of this program that was conducted at 
atmospheric pressure. Briefly, experiments conducted with two different 
exhaust conditions downstream of the acoustic drivers produced different 
wave structures in front of the propellant surface. This result was 
completely unexpected and it could not be explained by the commonly used 
propellant surface boundary condition; that is 
4^- + ikYp' = 0 (4-35) 
dx 
where Y is the propellant surface admittance. 
105 
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It has been shown, that when the prcpellant responds to the 
pressure oscillation at its surface and, in addition, produces its own 
velocity oscillation which is independent of the local pressure oscil-
lation, the boundary condition at the propellant surface can be expressed 
in the following form: 
^ - + ikYp' = -iâ "u C4-3 6) 
where the second terra'describes the propellant (or boundary) response 
to the local pressure oscillation and the inhoraogeneous part describes 
the pressure independent velocity perturbation, which will be referred 
to as the propellant self-noise. 
To investigate the effect of the inhomogeneous part of the pro-
pellant boundary condition upon the burner tube wave structure, the 
wave structure in a simple tube whose acoustic behavior is described 
by the one-dimensional Helmholtz equation. 
2 
^_!_ + k2 p' = 0 (4-37) 
dx 
and whose solutions must satisfy the following inhomogeneous boundary 
conditions: 
4^- + ikY.p' = -io)pun at x = 0 (4-38) 
dx 1 1 
and 
iEl ikY0p' = iwpu0 at x = L (4-39) 
dx 2^ y 2 
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is analyzed in this section. The change in signs between these bound-
ary conditions is due to changes in the direction of the inward unit 
normal vector at the two boundaries. The solution of Equation (4-37) 
is 
p' = C sin kx 4- D cos kx (4-40) 
wnere 
C = - ̂  {ujp^ + kY^} (4-41) 
and 
— (v. + u1 cos kL)i + Y0u_. sin kL 
n = _ ̂
 2 1 2_1 
k (Y Y2 + l)sin kL 4- i ^ + Y )cos kL
 w ^J 
The above solution was used to investigate the tube's wave struc-
ture for four different cases and the results are presented in Figures 
4-37 through 4-40. In the cases investigated, all of the parameters of 
the problem with the exception of (Y ) ? were kept constant in order to 
determine the dependence of the phase-distance curve upon (Y )„. An 
examination of Figure 4-37 shows that even though the real part of the 
admittance at the left boundary is positive (i.e., (Y ) = .001), the 
slope of the phase-distance curve is positive for positive values of 
(Y ) 9 , indicating wave energy transmission from right to left. This 
unexpected result may be explained if one recognizes that the direction 
of movement of acoustic energy at a given point depends upon the sign 
of the real part of the local effective admittance which can be expressed 
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following form at the x = 0 location 
- - Ul 
(Vl = [Y1 + p c V } (4"43) 
eq. pl 
r 
Since Y is fixed, the sign of (Yj, depends upon (p c u /p ' ) which 
Xeq. 
in turn, depends upon the solution for p'. 
Examination of the data in Figure 4-37 reveals that the charac-
teristics of the wave structure in front of the left boundary may be 
changed by merely changing (Y )„. This suggests that the presence of an 
inhomogeneous part (i.e.. self-noise) in the propellant boundary condi-
tion makes the effective admittance value a dependent on the exhaust end 
boundary condition. 
Figure 4-37 also contains a table with the computed values of 
(Y ) _, for different values of (Y ),. Examination of this table shows 
r 1 r 2 
eq. 
that as (Y ) increases in value, (Y ) decreases in value allowing 
eq. 
more wave-energy to be absorbed at the left hand boundary. It is of 
particular interest to note that (Y )- approaches (Y ).. when (Y ) =0. 
r 1 r l r 2 
eq. 
Figure 4-38 has been prepared to show the effect of changing (Y ) 
upon the trends presented in Figure 4-37. In going from Figure 4-37 to 
Figure 4-38 the value of (Y ), increased from .001 to . 1 . Examination 
° ' r 1 
of Figure 4-38 shwos that under the new condition the slope of the phase-
distance curve is always negative indicating wave energy movement from 
left to right. Once again, the value of (Y ) approaches the value of 
eq. 
(Y ). when (Y ) = 0. 
r 1 r 2 
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In Figure 4-39 the value of u was set equal no zero while all 
the remaining parameters are the same as those used in Figure 4-37. 
Examination of this figure shows that in this case changes in (Y ) 0 do 
not affect the wave structure in front of the left boundary. A compari-
son of the data presented in Figures 4-37 and 4-39 provides additional 
support to the argument that the presence of u in the boundary condi-
tion may be responsible for the trends observed in the experimental 
data. In Figure 4-40 data similar to that of Figure 4-39 are presented 
with the exception that now the value of (Y ). is alrger than the one 
used in Figure 4-39. 
From the above results it becomes evident that if a self driving 
term (i.e., u ) is present at x = 0, the observed admittance (Y ) 
eq. 
will not represent the actual admittance of the surface. However, if 
the real part of the admittance at x = L is kept zero, the observed real 
admittance at x = 0 (i.e., (Y ) ) would approach the actual real 
eq. 
admittance (Y ) 1 . Also, if (Y ) is large, then the effect of 
(p c u../p') is negligible and the value of (Y ) remains close to 
eq. 





To date, the impedance tube technique developed under this pro-
gram has been applied in the measurement of the surface admittances of 
burning solid propellants and the admittances of the combustion process 
that is associated with rocket injectors utilizing gaseous propellants. 
The development of the experimental set-up for the above-mentioned solid 
propellant study, which represents a major portion of this work is 
described in this chapter. The experimental set-up developed for the 
gaseous rocket injector study is discussed in Chapter VI. 
The experimental measurements made to determine the admittances 
of burning solid propellants using the impedance tube technique were 
carried out in two phases. In the first phase, all the measurements 
were made at low chamber pressures which were below 50 Psig. Separate 
experimental facilities were fabricated for each phase of this experi-
mental program. The experimental set-ups and the measurement techniques 
are discussed in detail in the remainder of this chapter. 
The experimental set-up (i.e., see Figures 5-1 and 5~2) developed 
for measuring the admittance of burning solid propellant at pressures 
below 50 Psig., consists of a circular tube, the propellant sample and 
its holder, the acoustic drivers and a pressure regulating valve. The 
impedance tube has an inside diameter of 1.5 inches and is approximately 
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Figure 5-2. Reproduction of a Photograph of the Impedance 
Tube Experiment. 
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transducers and thermocouples at numerous locations along its wall. 
The distribution of the pressure transducers and thermocouples along 
the impedance tube wall, during each experiment, is determined by the 
frequency of the test. 
Two line EPT-94B electro-pneumatic drivers, each capable of 
developing 4,000 watts of acoustic power, are close-coupled to the 
tube wall a short distance upstream of the exhaust valve. The frequency 
and wave form output of the acoustic drivers are controlled by a spec-
tral Dynamic oscillator, Model SD 104A-5. For this investigation, the 
wave form of the oscillations were sinusoidal and the frequency of the 
oscillation was maintained constant during a test. 
Measuring the admittance of a burning solid propellant using the 
impedance tube technique imposes stringent requirements on the instru-
mentation. The pressure measurement at high temperature poses the prob-
lem of protecting the highly sensitive transducers from direct exposure 
to the hot gases in the tube. Various ways for protecting the trans-
ducers were tested. Satisfactory results were obtained using the semi-
infinite tube technique. In this technique, the long tube shown in 
Figure 5-3 was attached in the impedance tube's wall while the pressure 
transducer was attached to the side of the long tube several inches 
away from the impedance tube wall. The need to measure the high temper-
ature of the hot gas in the tube called for the use of special thermo-
couples. In this study, platinum/platinum 13% rhodium thermocouples were 




(Extends 50 Ft.) 
Figure 5~3. Infinite Tube Arrangement in the Impedance 
Tube Experiment 
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In order to achieve a uniform combustion of the tested samples, 
it is of utmost importance that all parts of the sample surface be 
ignited simultaneously. After considerable experimentation, best 
results were obtained with a nichrome wire glued to the sample surface 
in a "Z" shape. The surface of the sample was then coated with an 
X-225 pyrotechnic mixture (potassium percholate (72.4%); titanium 
(14.8%); boron powder (6.9%); and polyisobutylene binder (6.0%) dis-
solved in toulene). The nichrome wires were attached to copper wire 
leads which were connected to a power supply. Uniform ignition was 
obtained when the power supply was turned on. 
The experimental set-up described above was limited to chamber 
pressure less than 50 Psig. However, the main objective of this inves-
tigation was to develop a facility which would be capable of determin-
ing the admittances of burning solid propellant samples at the pressure 
range of 300-500 Psig simulating actual rocket motor operating condi-
tions. The low pressure facility could not be used for this purpose 
without modification because the acoustic drivers used were not capable 
of operating at high pressures and the pressure transducers were not 
capable of withstanding pressures of up to 500 Psig. Therefore, the 
low pressure facility needed a few modifications to operate at pres-
sures up to 500 Psig., with the same acoustic drivers and pressure 
transducers. 
A photograph of the facility and a corresponding schematic are 
shown in Figures 5-4 and 5-5, respectively. The driven tube with the 















































Figure 5-5. Schematic Diagram of Pressurized Impedance Tube 
Facility. 
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drivers are all contained within the 0 to 500 ?sig. pressurization tank 
which is equipped with high pressure hinged ports to allow easy access 
for sample changes, impedance tube removal, and maintenance. By 
enclosing the impedance tube in a pressurized tank a relatively low 
pressure differential could be maintained across the pressure trans-
ducers mounted on the side walls of the impedance tube and the acoustic 
drivers closed-coupled to the tube. This permits Che use of the avail-
able acoustic drivers and low pressure, high resolution transducers to 
provide more accurate data. 
Air supply for tank pressurization and the flow requirements of 
the electro-pneumatic driver is provided by a 3000 Psig, 500 cu. ft. 
blow-down facility. The tank pressure and driver airflow are main-
tained by a pressure control valve in the exhaust line of the system 
as shown in the schematic of the flow system in Figure 5-6. 
The components of the high pressure impedance tube facility and 
the principles of its operation are basically unchanged from the low 
pressure facility previously in operation. The impedance tube contained 
in the high pressure tank was fabricated from a stainless steel pipe of 
two inch inside diameter and six feet length. Provisions for instru-
mentation had been included along the length of the tube wall. The 
semi-infinite tube technique previously used to protect the transducers 
from the high temperature gases has proven unsatisfactor]/ for high pres-
sure operation. Under high pressure conditions, the pressure amplitude 
and phase measured with the semi-infinite tube technique, showed an 
oscillatory behavior with time, due to low frequency resonance in the 
o 
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semi-infinite tube. Therefore, an alternate pressure transducer instal-
lation utilizing a short adapter had been developed for the high pressure 
• 30 ^ -
operation to overcome the low frequency resonance. The pressure trans-
ducers with the short adapter installation gave a flat response up to 
1300 Hz., which was above the frequency range (i.e., 100 to 1000 Hz.) 
investigated in this study. 
The data acquisition system and the equipment to establish and 
monitor test conditions for high pressure testing were located in a 
laboratory area adjacent to the room housing the high pressure impedance 
tube experiment. A photograph of the control area for the experiment 
is presented in Figure 5-7. Test conditions were established by slowly 
pressurizing the high pressure tank housing and the impedance tube to 
the desired operating pressure. The pressurization tank pressure and 
driver airflow requirements were maintained by the tank pressurization 
control valve in the exhaust line. With tank pressure stabilized and 
a standing waveform of a desired frequency established a test run was 
initiated. 
The data acquisition period of a test includes four phases; a 
brief pre-ignition test period with the acoustic drivers on and test 
conditions established in the burner tube, ignition of the propellant 
sample, the propellant "quasi-steady" burning period and the propellant 
extinguishment phase. The data acquisition period was normally about 
two to three seconds. For each test run the dynamic pressure and 
temperature data were recorded on a 14 channel analog magnetic tape 
recorder. These data were then played back at reduced speed and auto-












phase relationship of the pressure, and the temperatures of the hot 
gases at several locations inside the tube. 
At a later date, during this investigation, a mini-computer 
based data acquisition system was incorporated in the program instead 
of recording the data on a tape recorder. This system shown in Figure 
5-7 processes the data in three stages. 
(1) Data Sampling: During a test the analog signal from the 
transducer and thermocouple channels were sampled, digitized and 
stored at a controlled rate. This system was capable of sampling up 
to 12 channels of input data and had a range of =2.56 volts with a 
resolution of 20 mv. To obtain maximum signal resolution, the input 
from the transducer and thermocouple channels were amplified so that 
the maximum anticipated amplitude for the test was as close to ±2.56 
volts as possible. The sampling rate depends upon the frequency of 
the driven oscillations. The samples were taken rapidly enough to 
obtain a sufficient number of data points per cycle period for a good 
signal definition. The sampling interval was determined by the test 
conditions. In this study, the ignition and burnout transients produced 
large variations in pressure amplitude and phase. The sampling interval 
must be small enough to detect these variations so that they can be 
distinguished from the nearly constant amplitudes which occurred during 
the period of quasi-steady burning. On the other hand the sampling 
interval must be long enough to ensure the digital filtering interval 
was sufficient. During a test, data were taken at up to 80 sampling 
intervals of from 10 to 50 milliseconds, and the time between intervals 
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was from 15 to 30 milliseconds. The duration of the run was from two 
to three seconds for the 3/8"-thick prcpellant samples used and from 
20 to 40 data points were obtained during steady burning. After the 
digitized data points taken during one sampling interval had been 
stored, they were then written onto a disc so that room could be made 
in the buffer to receive the data from the next sampling interval. 
These steps are depicted in Figure 5-8. 
(2) Data Processing: During the data processing phase, the disc, 
computer and a Tektronix 4012 graphics display terminal were used. The 
steps involved are shown in Figure 4-9. During this process the digi-
tized data taken over one time interval was read form the disc into the 
computer. The digitized signals from the pressure transducers and 
thermocouple channels, were then used to obtain average pressure ampli-
tudes, phases and temperatures over the sampled time interval. A similar 
process was repeated for each successive time interval. Then the 
resulting pressure amplitude, and phase data were plotted against non-
dimensional time (i.e., record) on the terminal. These data were used 
to check that proper test conditions were established during the run. 
In addition to being displayed on the terminal, the amplitude, phase and 
temperature data were also stored on the disc for later use. 
(3) Data Presentation: Finally, pressure amplitude, phase and 
temperature data were printed out versus distance for various time inter-
vals. The data could be plotted against non-dimensional time. From 
these plots the time, interval at which steady state burning was achieved 
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Figure 5-9,Data Processing Schematic 
129 
burning, the amplitude, phase and temperature data could then be plotted 
versus distance. These data were then used in the data reduction scheme 
described in Chapter III to obtain the admittance values. 
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CHAPTER VI 
EXPERIMENTAL RESULTS AND CONCLUSION 
In this chapter the experimental data obtained from both the 
solid propellant and the reactive gaseous rocket injector studies are 
presented and discussed. Most of the data presented here are, however, 
for the solid propellant case, as the experimental phase of this pro-
gram was primarily concerned with determining the admittances of burn-
ing solid propellants. 
During the initial stages of this study, a uniform burning of 
the solid propellant sample in the impedance tube throughout the test 
run was anticipated. Such uniform burning would have established a 
steady state condition in the impedance tube, during which all the flow 
properties would have remained constant, enabling an accurate measurement 
of the pressure data required for determining the admittance values of 
the burning solid propellants. Unfortunately, a uniform burning was 
seldom achieved during any test run. Also, the propellant samples used 
in a test run could burn only for a short duration (i.e., about 2 to 3 
seconds). In an effort to increase the burning time, the burning char-
acteristics of thicker propellant samples were tested. However, with 
the thicker propellant samples though the burning time was increased, 
the burning characteristics become more uneven. Therefore, optimum 
size propellant samples were used, which could last for 2 to 3 seconds 
with relatively even burning. 
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The total burning time of 2 to 3 seconds of the propellant 
sample was not adequate to establish a steady state condition in the 
impedance tube during a test run. Also, due to the presence of higher 
modes of the excited frequency and flow noise in the impedance tube, 
the pressure oscillations observed at different transducer locations 
during a test run were not exactly sinusoidal. The magnitude of admit-
tance values for burning solid propellants were expected to be very 
9 
small (i.e., of the order of 0.03). For such low values of admittance 
the pressure amplitudes at and near pressure minimum become very small 
compared to the maximum pressure amplitude of the standing wave. Often 
those low pressure values fall below the magnitude which cannot be meas-
ured accurately by the transducers. This led to an inaccurate measure-
ment of pressures at and near the pressure minima. Furthermore, when-
ever the oscillations in the impedance tube were not sinusoidal, the 
data acquisition systems were prone to introduce errors in the measured 
data. 
Two different data acquisition systems were used to acquire the 
analog data measured in the impedance tube. One of them was a 14 chan-
nel magnetic tape recorder and the other one was an analog to digital 
converter. The tape recorder recorded the oscillatory pressure data at 
a speed of 30 inches per second and these tapes were played back at 1 7/8" 
per second for data reduction. This slower playback speed resulted in 
a proportionately diminished apparent frequency of the input signal to 
the tracking filter, phase meter and log converter, the components asso-
ciated with the data reduction system, causing inaccuracies in the output 
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data. These inaccuracies were especially predominant at lower frequen-
cies. 
The analog to digital converter was used in this program to 
acquire most of the high pressure data. Whenever the oscillatory sig-
nals in the impedance tube were not sinusoidal, the analog to digital 
converter needed more samples per data point (i.e., higher sampling 
rate) as discussed in Chapter V, to filter out the higher modes, non-
linearities and random noise present in the signal. However, owing to 
the short test duration, the sampling rate could not be increased, 
resulting in some errors in the digitized data. 
In summary, due to uneven burning of the propellant, short dura-
tion of the tests and the experimental difficulties discussed above, 
significant scatter is observed in the measured admittance values. In 
2 
contrast, in the reactive gaseous rocket injector study, where these 
short-comings were overcome with a steady burning and a longer test dura-
tion, the admittance values obtained show very little scatter and they 
agree well with an available theory. In this scudy a fixed flow rate 
of the gaseous fuel and the oxidizer mixture was maintained into the 
impedance tube throughout a test run. Due to the fixed flow rate of 
fuel-oxidizer mixture a uniform burning was achieved for a longer time, 
(i.e., about 5 minutes) during which a steady scate condition was estab-
lished. Since the duration of the burning was long, the excitation fre-
quency was selected after a steady state condition was established in 
the impedance tube, by monitoring the output signal of a transducer. 
In this process an excitation frequency could be chosen such that a good 
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sinusoidal oscillation could be maintained in the impedance tube. 
Moreover, in this case the analog to digital converter used for data 
acquisition could get a sufficient number of samples per data point 
to produce accurate digitized data, Thus, to demonstrate the appli-
cability of the impedance tube technique, some of the results obtained 
in the gaseous rocket injector study are also discussed in this chapter. 
1. Admittances of Burning Solid Propellants 
The experimental efforts conducted under this study include the 
development of the experimental facilities and techniques for the 
determination of the admittances of a number of solid propellants under 
near atmospheric and high pressure conditions over the frequency range 
of 100 to 1000 Hz, that is of interest in solid propellant combustion 
instability. The data obtained in this study are presented and discussed 
in this chapter. Furthermore, these data are compared with correspond-
ing T-burner results. 
The admittances of four different propellants have been investi-
gated in more than two hundred tests. The tested propellants included 
a T-13 propellant, an undesignated propellant white in color, supplied 
by Thiokol, an A-13 propellant and an A-15 propellant. 
A series of experiments were conducted at low pressures to 
determine the flow conditions inside the impedance tube during the 
combustion of solid propellant samples. Specifically, the steady state 
temperature gradients inside the tube were measured in several tests 
by using thermocouples. The results are presented in Figure 6-1. The 
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profiles at various axial locations and the results are presented in 
Figure 6-2. The inescapable conclusion reached from this temperature 
data is that both axial and radial temperature gradients exist in the 
impedance tube during a test. The experimental data describing the 
variation of the temperature along the tube at various radial locations 
are fitted with the analytical expressions given in Equations (3-23) 
and (3-24), the heat transfer parameter "C" being different for dif-
ferent radial locations and the results are shown as solid lines in 
Figure 6-1. 
The next set of experiments was conducted with the objective of 
determining the wave structure and the admittance of burning solid 
propellants at low pressures. Tests at a number of frequencies were 
conducted using a number of different propellant samples and the meas-
ured pressures were recorded on a tape recorder. These data were later 
reduced and the time histories of the pressures and temperatures were 
obtained. The data obtained with a T-13 propellant (supplied by the 
Naval Weapon Center, China Lake, California) at 467 Hz. are presented 
in Figures 6-3 through 6-11. Examination of Figure 6-3 clearly indi-
cates the transient temperature rise in the tube following the ignition 
of the propellant, the quasi-steady period of burning and the temper-
ature drop upon completion of burning. Figures 6-4 through 6-10 
describe the corresponding time histories of the pressure amplitudes 
and phases. Cross plotting the amplitude and phase data at a given 
instant in Figures 6-4 through 6-10, yields the instantaneous amplitude 
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also used to obtain the total burning time, of the tested samples, which 
is used together with the sample thickness to obtain the burning rate 
of the propellant. 
The data reduction procedures, discussed in Chapter III, were 
used to compute the admittances of burning solid propellants, assuming 
negligible gas phase losses. These data plotted in Figures 6-12 and 
6-13. These figures describe the frequency dependence of the real and 
imaginary parts of the admittances of A-13, T-13 and the unidentified 
perchlorate based white propellant, respectively. Figures 6-12 shwos 
that all the three propellants have damping admittances throughout the 
frequency range at atmospheric pressure. Based on later studies, it is 
now believed that the admittance values presented in Figures 6-12 and 
6-13 would have been different had the gas phase damping been taken into 
account. The computed admittances and other parameters such as the 
response factors, heat transfer parameters and the experimental errors 
are listed in Table 6-1. 
The low pressure tests also showed that the characteristics of 
the measured data depend upon the location of the exhaust valve. Most 
of the test runs were conducted with the exhaust valve located imme-
diately downstream of the acoustic drivers (i.e., the valve position 
number 1 in Figure 6-14), while a few runs using an A-13 propellant 
were conducted with the exhaust valve located at position number 2, 
which was situated forty feet downstream of the acoustic drivers. 
Some tests conducted with the exhaust valve located at position number 2, 







i-J m rn H 
w r - i (—1 H 
P i 1 1 33 








o , co OJ 









o U <J 














o < E 
o +-> 













o r— fC 
o 03 <— 
CN OJ r— 
i—J Q ; CD 
• a. N <+- o 
33 O J-
o A cu 
o >* U -M 
o u c c 
o z OJ OJ 
r—t w -o t. 




Cu Q O 
o > > CU 




































o J = 






















o o <u 
o i _ 














o C CT 
o • i - o 
o en S 
1—1 fO -l-J 
e <c 
i—i 
. - M 
M 4 - <T3 
zzz O 
o n on 
o >- OJ 4 J CO u CJ C 
V * 1 C <T3 
U J GJ r— 
I D -a r— 
o - C CD 
L U CD Q . 
c£ o . o 
u_ cu s_ 


















o L. - i -









•A833MViiIHaV JO TdVd AHVNIStfUI 
149 
P O S I T I O N 1 









VALVE POSITION 1 
VALVE POSITION 2 
-Ga 
J A 
b -e--o o^ 
16 24 32 40 
AXIAL LOCATION sINCHES 
48 56 b" 
Figure 6-14. Effect of Valve Position on Pressure 
Amplitude and Phase. 
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those obtained with the valve located at position number 1 (i.e., 
see Figure 6-14), indicating that the pressure-phase-distance behavior 
is dependent upon the valve position. The phase distance curves for the 
test runs with the valve located at position number 1 have a positive 
slope indicating that acoustic energy is moving from right to left 
along the impedance tube, while the slope of the phase distance curve 
for tests conducted with the exhaust valve located at position number 2 
changes from negative to positive values as one moves away from the 
propellant surface. 
An attempt was made to explain the observed experimental trends 
by correlating them with the predictions of the analytical studies of 
Chapter IV. First, the change in the sign of the slope of the phase-
distance curve was considered. A similar behavior was predicted in 
Chapter IV, Section 2 where particle wave attenuation was considered. 
It was shown in that section (i.e., see Figure 4-31) that for a proper 
combination of values of the propellant surface admittance and gas phase 
damping the above-mentioned phase-distance behavior is indeed possible. 
This qualitative agreement between the analytical and experimental 
trends suggests that the observed experimental behavior may indeed have 
been caused by wave attenuation in the gas phase. 
Next, the change in the slope of the phase-distance curve, at the 
propellant surface, with change in the exhaust valve position is con-
sidered. It was shown in Section 3 of Chapter IV that such a change in 
slope may be accomplished when the boundary condition describing the 
propellant surface behavior is inhomogeneous; that: is, when there is 
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"self-noise" present at the propellant surface. While the presence of 
self-noise may offer one possible explanation to the observed experi-
mental behavior, it still remains to be explained why and how wave 
energy was "absorbed" by the burning propellent when the valve was 
located at position number 1, and why and how wave energy is "supplied" 
by the propellant surface when the valve was located at position number 
2. 
The above explanation implies that the self-noise of the propel-
lant may be sufficiently significant as to affect the observed experi-
mental trends. This implication is in contrast with the results 
31 
obtained in a study in which the noise generated by burning solid 
propellant strands was measured independently. In this investigation 
combustion noise from composite solid propellants were measured in 
roughly, two distinct frequency regimes. One broad band region was 
between 40 and 2000 Hz. and another was between 2000 Ez and 10 KHz. 
Insignificant amount of sound power was generated and most of it occurred 
in the high frequency band. Therefore the "self-noise" of the propellant 
may not be a plausible explanation for such behavior when the admittance 
value of the propellant is high. However, such behavior is possible at 
low chamber pressures, due to the presence of a little amount of "self-
noise," when the propellant has a very small driving admittance. 
The next set of the tests were conducted at high chamber pressure 
(i.e., 300 Psig.) using the high pressure experimental facility discussed 
in Chapter V. In these tests, most of the measured data were sampled, 
digitized, and stored in a disc using the mini computer based data 
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acquisition system instead of the tape recorder. Later on, the stored 
data were plotted and printed out. Figures 6-15 through 6-18 repre-
sent the time histories of pressure amplitudes and phases obtained from 
a test conducted at a frequency of 280 Hz., using an A-13 propellant 
sample at 300 Psig, chamber pressure. Figures 6-19 and 6-20 are the 
cross plots of amplitudes and phases at a record point of 36 obtained 
from the plotter attached to the mini computer. 
An examination of Figures 6-15 through 6-18 reveals that steady 
state burning occurs in the time interval between records 33 and 46. 
Admittance values for all these record points were computed using sev-
eral different data reduction schemes and the real part of the admit-
tances were plotted against record points in Figures 6-21 and 6-22. The 
admittances plotted in Figures 6-21 and 6-22 were computed neglecting 
gas phase bulk losses. The computed admittances and other quantities 
such as the response factors, heat transfer parameters and computed 
experimental errors are listed in Tables 6-2 through 6-6. Results 
obtained using both pressure amplitudes and phases with constant wall 
temperature with and without mean flow, are presented in Tables 6-2 and 
6-3, respectively. A comparison of real part of admittance values 
computed with and without mean flow are shown in Figure 6-21. The 
admittance values are relatively smaller when computed with mean flow. 
Also, the admittances, the response factors, heat transfer parameter 
and the experimental errors in amplitude and phase, computed with and 
withouc mean flow for the record point cf 33 are compared in Table 6-4. 
It is observed that the errors with mean flow are relatively smaller 
compared to those computed without mean flow. Therefore, the results 
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Table 6-4. Comparison of High Pressure Data for Propellant 
A-13 With and Without Mean Flow 
Experiment No. E-16-633-646, Record No.: 33 
Type of Propellant: A-13 
Burning Rate: 0.0139 Ft/Sec. 
Chamber Pressure: 300 Fsig. 
Frequency of Excitation: 280 Hz. 
Flame Temperature: 3780 °R 
Wall Temperature: 810 °R 
Method of Computation: Using Amplitude and Phase 
Parameters With Without 
Mean Flow Mean Flow 
Real Part of Admittance: Y 
r 
Imaginary Part of Admittance: Y. 
Real Part of Response: R 
Imaginary Part of Response: R. 
Heat Transfer Parameter: nC" 
Error in Amplitude, DB 
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computed with mean flow are more accurate. However, it is also 
observed that the effect of mean flow on computed admittance values 
are quite small. Since the computation time, when a mean flow was 
considered, was considerably higher, all the subsequent computations 
were done neglecting the mean flow velocity. 
Results obtained using both pressure amplitudes and phases with 
constant wall temperature are presented in Table 6-3 and those obtained 
assuming a variable wall temperature are presented in Table 6-5. Results 
presented in Table 6-6 pertain to the case where the wall temperature 
was kept constant and only pressure amplitudes were used in the data 
reduction. Results presented in Tables 6-3, 6-5 and 6-6 and in Figure 
6-22 were computed with zero mean flow. Examination of Figure 6-22 and 
Tables 6-3, 6-5 and 6-6 indicates a very good agreement between the 
results obtained using the different computational schemes. Figures 
6-23 and 6-2 4 contain plots of the real and imaginary parts of admit-
tances, respectively, with respect to record points of the test run 
discussed above. In these figures comparison is made between the 
admittances computed with and without bulk losses in the flow. The 
various parameters computed assuming the presence of bulk loss in the 
flow are listed in Table 6-7. Examination of the data shows the mag-
nitude of Y decreases rapidly between record poincs 3 0 and 33, which 
are just prior to the attainment of a quasi-steady burning condition. 
The measured admittance values presented in Figure 6-22 change gradu-
ally even during the quasi-steady burning period. In contrast, the 
admittance data presented in Figure 6-23, which was obtained assuming 
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magnitudes and their relative changes during the quasi-steady period are 
much smaller. The observed changes in admittance values during the 
quasi-steady period might be due to an uneven burning or propellant 
during the test. The real parts of the admittance values for a test 
conducted at 350 Hz., for the quasi-steady period only are computed 
with and without bulkloss and they are plotted in Figure 6-25 with 
respect to the record points. A similar trend is observed in both the 
cases during the quasi-steady period of burning. The various quanti-
ties, such as, response factors, heat transfer parameter, experimental 
error, etc., computed with and without the assumed bulk losses in the 
flow, for the test run conducted at 350 Hz., are presented in Tables 6-8 
and 6-9, respectively. It is to be noted that the computed errors in 
pressure amplitudes and phases are relatively smaller when a bulkloss 
is assumed to be present in the flow compared to those without any 
assumed bulklosses (i.e., compare Tables 6-3 and 6-7; and Tables 6-8 and 
6-9). These results, thus, strongly suggest that the presence of gas 
phase losses be included in the developed data reduction scheme, espec-
ially when the investigated admittances are small. 
Figures 6-26 and 6-27 describe the frequency dependence of both 
the real and imaginary parts of the admittances of an A-13 propellant ai 
low and high pressures. It is observed from Figure 6-26 that the propel-
lant has negative real admittances at low chamber pressures (i.e., both 
at 1 and 20 Psig.), indicating that the propellant is damping under 
these conditions, whereas it shows "driving" behavior at a chamber pres-
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at this chamber pressure. However, when the presence of acoustic bulk 
loss is included in the data reduction the computed admittance values 
are increased considerably. Figures 6-28 and 6-29 describe the fre-
quency dependence of both the real and imaginary- parts of the admit-
tances of A-13 and A-15 propellants, when the presence of acoustic bulk 
loss in the flow is included in the data reduction. Figure 6-30 
describes the frequency dependence of the real parts of response fac-
tors of propellants A-13 and A-15. The parameters computed for pro-
pellants A-13 and A-15, at different frequencies and at record points 
where the computed error in phases were below a certain specified minimum 
value are listed in Tables 6-10 and 6-11, respectively. Examination 
of Figure 6-28 shows that propellant A-13 is a better driver than pro-
pellant A-15 in the frequency range below 700 Hz.; this trend seems to 
reverse itself at higher frequencies. Figure 6-29 indicates that the 
imaginary part of the admittance of propellant A-15 is higher than that 
of A-13 and they both follow the same trend with respect to frequency. 
Figure 6-30, in which the real part of the response factor of propel-
lants A-13 and A-15 are plotted shows that the A-13 propellant has 
higher response factors than propellant A-15 throughout .the frequency 
range. 
The accuracy of the data presented so far is open to question 
due to the observed scatter in the shown admittance values. The sig-
nificant contribution to the observed scatter in the admittance values 
is possibly due to the inability of the instrumentation system to 
accurately measure the pressure amplitudes and phases at and near the 
9 
pressure amplitude minima. From available T-burner data it is known 
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that the magnitudes of real parts of the admittances of various unstable 
propellants are very small (i.e., of the order of 0.03). For such low 
values of Y the pressure amplitude at the pressure minimum becomes very 
low compared to the maximum pressure amplitude (i.e., see Figure 4-2). 
Also, the spatial pressure-phase plot for Y =0.003 shown in Figure 
4-3 closely resembles a square-type behavior with a change of 180° 
in the phase value near the pressure minimum. To obtain accurate 
admittance values, it is necessary to accurately measure both the 
pressure amplitude and the phase variation near the pressure minimum. 
In the instrumentation system, the analog to digital converter is more 
likely to introduce errors in the experimental data, specifically at 
and near the pressure minima. Due to the presence of higher modes of 
the excitation frequency and flow ncise in the impedance tube, the 
pressure oscillations observed at different transducer locations were 
not exactly sinusoidal. At and near low pressure amplitude locations, 
the higher modes and flow noise were comparable in magnitude to the 
amplitude of excited standing wave. The presence of such significant 
flow noise was observed during a few test runs in which the sound pres-
sure levels in the impedance tube were measured without using any 
external excitation. The digital filtering done by the analog to 
digital converter needs more samples per data point (i.e., sampling rate) 
as discussed in Chapter V, to filter out the higher modes and flew 
noise associated with the output of the transducers, specifically at 
and near the low amplitude locations. The sampling rate could be 
increased by increasing the duration of a test run. In principle, the 
duration of a test run could be increased by using a thicker propellant 
184 
sample. However, significant uneven burning was observed when a 
thicker sample was burnt. Therefore to avoid severe uneven burning, 
an optimum size sample was used, which could burn only about 2 to 3 
seconds. This imposed a limit on the number of samples taken by the A 
to D converter to give a sufficient number of data points (i.e., 
records) during that period of burning. This limitation could intro-
duce errors in both the phase and amplitude data measured during a 
test run, mainly at and near the pressure minima. As discussed in 
Chapter V, only a limited number of discrete pressure measurements 
(i.e., about 10) were possible along the impedance tube during a test 
and these data were used in the data reduction scheme (as described 
in Chapter III) to describe the standing wave in the impedance tube 
and to minimize the experimental errors in the measured pressure data. 
The fewer pressure measurements used in the data reduction scheme were 
inadequate to accurately describe the standing wave in the impedance 
tube. Therefore, the errors present in the measured pressure data were 
not completely eliminated and these errors showed up in the computed 
admittance values. The experimental difficulties discussed above are 
believed to be responsible for the observed scatter in the computed 
admittance values. Similar scatter of admittance values were also 
9 32 
observed in the results obtained in T-burner experiments. ' 
A comparison of the real parts of admittance values of an A-13 
9 
propellant obtained in T-burner experiments and those obtained in the 
present investigation is presented in Figure 6-31. The T-burner data 
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Table 6-12. Conversion of T-Burner Data i n t o Admittance Values 
Propellant: A.-13 
Chamber Pr: 300 Fsig. 
inch inch Linch/sec. 






1.0 32.5 .198 .360 8 5.9 6.6 .035 
1.0 25.5 .198 770 12 3.4 8.5 .015 
1.0 25.5 .188 480 8 - 4.5 13.2 .037 
1.0 14.0 .192 1040 12 15.1 12.3 .026 
1.0 14.0 .208 960 23 9.8 13.8 .025 
1.0 14.0 .188 1000 11 10.0 12.4 .022 
1.0 14.0 .184 960 14 12.9 16.0 .030 
1.0 14.0 .185 960 10 10.2 20.0 .031 
1.0 25.5 .190 490 9 10.9 7.4 .037 
1.0 25.5 .181 490 6 3.8 10.2 .029 
1.0 14.0 .188 990 15 13.3 7.9 .021 
1.0 14.0 .178 950 13 10.5 8.4 .020 
1.0 14.0 .174 940 21 13.3 10.5 .025 
1.5 43.5 .181 240 12 3.7 9.1 .05 
1.5 43.5 .192 230 20 3.4 6.3 .042 
1.5 43.5 .187 250 15 3.6 7.4 .044 
1.5 43.5 .196 300 9 4.5 6.0 .035 
1.5 37.'5 .191 320 17 3.2 8.5 .037 
1.5 37.5 .192 290 18 5.9 9.2 .052 
1.5 31.5 .192 380 18 5.1 7.1 .032 
1.5 31.5 .187 360 18 5.9 8.1 .039 
1.5 25.5 .182 520 18 7.7 8.7 .032 
1.5 25.5 .184 520 16 8.5 10.0 .0363 
1.5 25.5 .190 490 17 7.1 10.0 .035 
1.5 19.5 .188 910 18 11.1 7.6 .021 
1.5 19.0 .181 700 16 11.4 • 8.0 .028 
1.5 19.0 .182 700 33 12.8 10.8 .0337 
1.5 19.0 .188 840 25 11.8 12.5 .029 
1.5 19.0 .188 720 28 12.1 12.5 .034 
1.5 19.0 .189 700 26 12.5 10.0 .032 
1.5 19.0 .182 700 26 12.1 8.9 .03 
1.5 31.5 .172 380 21 5.0 3.8 ,023 
1.5 31.5 .104 370 6 2.9 2.3 .014 
1.5 31.5 .181 340 24 7.9 6.7 .0^3 
2.5 20.0 .200 630 110 16.0 4.1 .045 
2.5 31.0 .183 390 27 8.1 7.2 .039 
2.5 200 .181 720 121 11.4 12.1 .033 
2.5 15.0 .152 910 123 16.6 9.5 .029 
2.5 15.0 .181 930 114 16.0 7.2 .025 
187 
9 has been converted into admittance values using Equation (2-4). 
These values are also listed in Table 6-12. A considerable amount of 
scatter is observed both in the T-burner data and in the impedan.ce tube 
data. In spite of the observed scatter, the admittance values obtained 
from both methods are of the same order of magnitude and their varia-
tion with respect to the frequency also shows similar trends. This sug-
gests that the impedance tube technique is comparable to T-burners, in 
measuring the admittances of burning solid propellants. 
2. Admittances of Reactive Gaseous Injection 
As stated earlier in this chapter, the uneven burning of the 
propellant, short duration of the test and limited number of pressure 
measurement points to describe the standing wave in the impedance tube, 
result in considerable scatter in the measured admittance values. 
Furthermore, the low sampling rate in the A to D converter per data 
point adds to this scatter. However, in a parallel study where these 
shortcomings were overcome with a steady burning, longer test duration, 
large number of pressure measurements to describe the standing wave and 
higher sampling rate, the admittance values obtained show very little 
scatter and they agree very well with the theory. In this study the 
admittances of reactive gaseous rocket injectors were measured using 
the modified impedance tube technique. The experimental procedures 
and the experimental data obtained in this study are briefly presented 
in this section to demonstrate the capability of the impedance tube 
technique in the measurement of admittance values at elevated tempera-
tures. 
The experimental set-up developed in the gaseous rocket injector 
investigation is shown schematically in Figure 6-32. It consisted of a 
188 
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4 inch diameter modified impedance-tube with a sound source capable 
of generating simple harmonic waves of a desired frequency and intensity 
placed at one end of the tube and the injector system under investiga-
tion placed at the other end. Storage cylinders and pressure regula-
tors were employed to provide a continuous and steady flow of the 
required fuel and air. Combustion was initiated by means of a pro-
pane-air torch situated a short distance downstream of the injector 
face. Dynamic pressure transducers and thermocouples installed at 
desired locations along the walls of the impedance tube provided data 
that described the structure of the standing acoustic wave pattern and 
the steady state temperature distributions in the tube. 
During an experiment, acoustic drivers were used to establish a 
standing wave of a desired frequency with a maximum sound pressure 
level of 160 to 165 db in the tube. Desired flow rates of fuel and air 
were established and combustion was then initiated by means of the 
torch. Upon stabilization of the flow conditions in the burner tube, 
the structure of the standing acoustic wave and the steady state 
temperature distribution in the tube were determined by axially moving 
the impedance-tube relative to the injector and acoustic drivers which 
remain fixed in their positions. The axial movement of the tube was 
remotely controlled and was achieved by using a tube translation system 
consisting of a stepping motor which drives a lead screw having a ball 
bearing nut. The nut, in turn, was rigidly attached to the impedance-
tube. By suitably spacing the pressure transducers along the impedance-
tube, a short movement (i.e., in this investigation the required 
190 
movement was was 8 inches) of the tube provides a complete description 
of the standing'wave in the tube. The measured pressure data were 
then input into the computational scheme described in Chapter III to 
determine the injector admittance. These tests were repeated at 
different frequencies to determine the frequency dependence of the 
admittance of the test injector. Two series of tests have been con-
ducted during this investigation. In the first series of tests acety-
lene was employed as the fuel while during the second series of tests 
methane was employed as the fuel. 
Typical plots of the measured axial distribution of the pres-
sure amplitudes and phases for an equivalence ratio of 1.31 and at 
driver frequencies of 954,805 and 750 Hz are presented in Figures 6-33 
through 6-38. The data presented in these figures compare the axial 
distribution of the pressure amplitudes and phases measured under non-
reactive conditions with corresponding data obtained under reactive 
conditions. 
In the injector study, the admittance sign conventions are the 
reverse of those used earlier in this thesis. When the real part of 
the complex admittance is a positive number, which implies wave damp-
ing at the injector face, the phase distribution along the impedance 
tube has a positive slope indicating the propagation of acoustic 
energy towards the injector end. On the other hand, when the real 
part of the complex admittance is negative in sign, which implies 
wave amplification at che injector end, the phase-distance curve in the 
burner tube has a negative slope indicating transmission of acoustic 
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194 
I S O -
ISO--
10 20 30 +0 SO 
F i g u r e 6 - 3 6 . P r e s s u r e Phase Al ono/Impedance Tube. 
195 
I8CT--
EQUIVALENCE RATIO = 1.31 








i2a+ H —+ 
313 
—+ 
xar zcr w su 




FREQUENCY: 750 HZ. 
= 1.31 
+ + N NON-REACTIVE 
.+ R REACTIVE 
in- 2*r so +cr s o 
Figure 6-38 . Pressure Phase Along Impedance Tube. 
197 
Aii examination of F igure 6-34 i n d i c a t e s t h a t the p h a s e - d i s t a n c e 
curves have a p o s i t i v e s lope under both r e a c t i v e and n o n - r e a c t i v e con-
d i t i o n s . Th i s , in t u r n , i n d i c a t e s t h a t t he a c o u s t i c energy was moving 
from r i g h t to l e f t a long the burner tube and hence the i n j e c t o r was a c t -
ing as a damping dev ice under both r e a c t i v e and n o n - r e a c t i v e c o n d i t i o n s . 
However, an examinat ion of the ampl i tude curve in F igure 6-33 i n d i c a t e s 
t h a t a decrease in the damping provided by the i n j e c t o r occurred when 
the o p e r a t i n g c o n d i t i o n of the system changed from a n o n - r e a c t i v e t o a 
r e a c t i v e s t a t e . A s i m i l a r examinat ion of F igure 6-36 i n d i c a t e s t h a t 
whi le the p h a s e - d i s t a n c e curve under n o n - r e a c t i v e c o n d i t i o n s has a p o s i -
t i v e s l o p e , the p h a s e - d i s t a n c e curve under r e a c t i v e c o n d i t i o n has small 
nega t ive s l o p e . This i n d i c a t e s a change in the d i r e c t i o n of the a c o u s t i c 
energy p ropaga t ion in the impedance tube as the system changed from a 
n o n - r e a c t i v e to a r e a c t i v e c o n d i t i o n . In o ther words, t h i s i n d i c a t e s a 
change from a damping to a mild d r i v i n g response f a c t o r a t the i n j e c t o r 
face . 
F igure 6-38, which i s s i m i l a r to F igure 6-36, a l s o i n d i c a t e s 
tha t t he n a t u r e of the phase d i s t a n c e curve changes from a p o s i t i v e to 
a nega t ive s lope as the ope ra t i ng c o n d i t i o n of the system i s changed 
from a n o n - r e a c t i v e to a r e a c t i v e s t a t e . However, the p h a s e - d i s t a n c e 
curve of Figure 6-38 has a cons ide rab ly l a r g e r nega t i ve s lope when com-
pared to the almost square looking p h a s e - d i s t a n c e curve of F igure 6-36. 
This i n d i c a t e s a s t r o n g e r d r i v i n g c a p a b i l i t y a t the i n j e c t o r face under 
the o p e r a t i n g c o n d i t i o n s of Figure 6-33 when compared to those of F igure 
6-36. This t rend i s a l s o ev iden t from a comparison of the r e a c t i v e 
p r e s s u r e ampl i tude da ta of F igure 6-37 wi th the cor responding r e a c t i v e 
da ta of F igure 6-35. 
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Figures 6-39 and 6-40, respectively, describe the frequency 
dependence of the injector surface admittance for equivalence ratios 
of 1.02 and 1.31. An examination of these two figures indicates a 
certain amount of scatter in the measured data. Comparing the measured 
admittances with theoretically predicted admittances shows that the 
two sets of data agree qualitatively where the value of combustion time 
T are taken to be 0.00085 and 0.0012, respectively, corresponding to 
equivalence ratios of 1.02 and 1.31. The results of this study indicate 
that under suitable conditions strong coupling between the combustion 
and the injector can result in driving of acoustic oscillations in the 
combustion chamber. Also, a reasonable agreement between the measured 
33 
injector admittances and those predicted by the Feiler and Heidmann 
model is indicated. 
Therefore, the injector study discussed above clearly proves 
the capability of the modified impedance tube technique to measure 
driving and damping admittances. The injector study has so far proven 
better in exploiting the potentials of impedance tube technique as 
compared to solid propellant study, because of its experimental advan-
tages. Due to the translatory motion of this impedance tube, a con-
tinuous pressure measurement could be made to obtain a more accurate 
pressure wave, and a larger number of data points to be used in the 
computational schemes. In contrast, in the solid-propellant case only 
a few discrete pressure data could be used in the data reduction pro-
cedure. The injector experiment can be run for a considerably longer 
time, during which a desired driving frequency is set and the whole 
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propellant investigation the duration of the complete test is only 
about 2 to 3 seconds. Therefore, it is not possible to set a fre-
quency at cold condition which would create a good sinusoidal 
pressure oscillation during the burning of the propellants. Also, in 
the solid propellant study due to the short duration of each test run 
a steady state condition was not achieved and therefore, all the meas-
urements were made under quasi-steady conditions. With all these limi-
tations and shortcomings the admittance data measured so far in the 
solid propellant study, are qualitatively comparable with T-burner 
results (see Figure 6-31) . 
The application of the modified impedance tube technique in 
the measurement of admittance values at elevated temperature environ-
ments has evolved significantly since the beginning of this work. The 
insight and experience gained by this study has sufficient promise, to 
call for pursuing further investigations with precision measurements. 
This technique has additional advantages as compared to conventional 
T-burners. In principle this technique is capable of measuring the 
admittances of stable or weakly unstable propellants, and can control 
the frequency and maintain a zero growth rate of the oscillations, so 
that the driving capabilities of different propellants are determined 
under identical conditions. Also, the same experimental arrangement 
is used for determining the admittances of burning solid propellants 
at different frequencies. 
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APPENDIX A 
MEAN TEMPERATURE DISTRIBUTION 
IN IMPEDANCE TUBE 
In determining the admittances of burning solid propellants 
using the impedance tube technique, the axial distribution of mean 
temperature in the impedance tube is needed. In principle, the axial 
distribution of steady state temperature in the impedance tube can be 
obtained using standard temperature measuring devices. However, as 
will be shown in this appendix, such axial temperature measurements 
can lead to errors in the values of admittances, particularly when 
radial temperature gradients are present in the tube. Under such con-
ditions one needs to know a bulk or average axial temperature distribu-
tion in the tube before one can evaluate the required acoustic charac-
teristics from the measured standing wave data. The objective of this 
appendix is to develop a method for obtaining the required axial 
distribution of the bulk temperature from the measured standing wave 
data. 
In the first section of this appendix, expressions for axial 
mean temperature, distributions in the impedance tube are derived for 
the cases of fixed and variable wall temperatures. In the next section, 
experimental determination of the axial steady temperature distribution 
is discussed. Initially, the one dimensional bulk temperature distribu-
tion is obtained using measured temperature data in the impedance tube. 
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To check this result, an estimate of the bulk axial temperature 
distribution is made using measured locations of the pressure wave 
nodal points. Owing to the large discrepancy between these two 
results, direct measurements of temperature data are discarded. It 
is also shown that the scheme based on measuring Che nodal coordinates 
of the pressure wave structure, though accurate, has several practical 
limitations. The problem is resolved by employing a non-linear 
regression technique to determine the steady axial temperature distri-
bution using the measured acoustic data. 
Analytical Consideration 
1. Axial Distribution of Mean Temperature 
During an impedance tube experiment, the burning solid propel-
lant sample produces a stream of hot gases that flows in the tube 
towards the exhaust nozzle. Heat transfer from the hot combustion 
products to the cooler impedance tube walls result in a temperature 
gradient along the axis of the impedance tube. In this section, the 
determination of the mean temperature distribution along the axis of 
the impedance tube is considered. 
From heat transfer considerations it can be shown that the heat 
transfer dq to an element of the impedance tube wall of width dx is 
given by the following expression: 
dq = h(T - T ) TT D dx (A-l) 
w 
where the various quantities are defined in the nomenclature. On the 
other hand, from conservation of energy for a fluid element in the 
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differential tube section of width dx gives: 
o 
dq = -p* u C ~ D dT (A-2) 
Combining Equations (A-l) and (A-2), the following expression for the 
steady temperature gradient is obtained: 
£ - - = % - ( T - V 
o u D C 
P 
Since the flow in the impedance tube is turbulent, the semi-emperical 
expression for the heat transfer coefficient h that was developed by 
22 
Bertz for a turbulent boundary layer is employed in this investiga-
tion. This is given by: 
c A0'2 c\ 




a , T i o i ( 0 . 8 - a i / 5 ) , 0 u>/5
 ( A " 5 ) 
\{f ( l + ^ i M
2 ) + | ] [ 1 + ^ M
2 ] 
The subscript Mo" denotes a quantity evaluated at a stagnation con-
di t ion while C and ou respect ively , represent a constant coeff icient 
and the temperature exponent of the viscosi ty law. Since at high temp-
34 eratures the value of oi var ies between 0.5 and 0.75, an average 
value of 0.6 is chosen for a> in th i s study. When mach number M is 
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1 0 
small, which is the case in most impedance tube investigations, -~~ M <<1 
and the expression for a simplifies to: 
(A-6) 
[̂  (T /T + I)]*68 
2 w 
Using the steady state result that p u = constant and assuming that C 
and P are also constants, it can be shown that Equation (A-4) reduces 
to h = C a, where C is a constant. Using this relationship, Equation 
(A-3) can be rewritten in the following form: 
*r (T - T ) 
with the boundary condition T (at X = o) = T 
where 
A - C[l + T /T]°*68 (A-8) 
w 
The quantity C in Equation (A-8) is a heat transfer parameter whose 
value depends upon the steady flow properties (i.e., \A , C , P . etc.) 
associated with the convective heat transfer coefficient h. 
If T and A are assumed to be constants along the axis of the 
w 
impedance tube, then Equation (A-7) can be integrated to obtain the 
axial temperature distribution as: * 
T = T + (T - T )e"x/A (A-9) 
w c w 
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Hence, knowing the flame temperature T and the constant wall temper-
ature T , the impedance tube axial temperature distribution T can be 
determined from Equation (A-9). An average value of A in the following 
form may be used in Equation (A-9) to obtain a reasonable axial temp-
erature distribution in the impedance tube. 
x 
I = — / C[l + T /T]°'68d:- (A-10) 
x •> w 
o o 
where x is the length of the impedance tube. 
o 
2. Variable Wall Temperature 
Contrary to the assumption that the impedance tube wall temper-
ature T is a constant, wall temperature measurements taken during this 
investigation indicates that T varies along the length of the impe-
dance tube. The wall temperature measurements were made using special 
thermocouple holders. These holders could place the thermocouples into 
the impedance tube in such a way that the thermocouple tips remain 
flush to the inner surface of the impedance tube wall with small cavi-
ties around them. During an experiment the thermocouples could sense 
the temperature of the gas in the small cavities surrounding the ther-
mocouple tips at the impedance tube wall and thereby the wall tempera-
tures were measured. 
Using the measured wall temperature data that is shown in 
Figure A-l, an expression of the following form is obtained for wall 
temperature distribution. 
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In this expression, the following two sets of values for A, B and G 
are found to yield reasonable fit between the expression (A-ll) and 
the measured data 
Set I Set II 
A 530 530 
B 900 634 
G -0.602 -0.285 
Axial temperature distribution in the impedance tube with a 
variable wall temperature can be obtained by integrating Equation 
(A-7) numerically, with the boundary conditions, T (at x = o) = T 
c 
and T (at x = o) = T . An approximate expression for the axial 
w w 
o 
temperature distribution in the impedance tube with variable wall 
temperature is given by 
__x_ 
T = T + (T - T )e A (A-12) 
w c w 
o 
which is a modified form of Equation (A-9). 
3. Comparison of Axial Temperature Distributions 
Axial temperature distributions in the impedance tube, com-
puted using Equations (A-7) through (A-12) are presented in Figures 
A-2 through A-5. In Figure A-2 three temperature profiles are pre-
sented, which are obtained using a constant value for the wall temper-
ature (T = 810 °R). One of these profiles is obtained by integrating 
w 
Equation (A-7) while the other two are evaluated using Equation (A-9) 
with an average value for A (i.e., using Equation (A-10)) in one of 
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the mean temperature profiles which are obtained using Equation (A-ll) 
for wall temperature distribution, i.e., using Sets I and II, respec-
tively, keeping the rest of the parameters the same as in Figure A-2 
and using Equation (A-12) in place of Equation (A-9). Figure A-5 
presents a comparison of the temperature profiles that are obtained 
using Equation (A-7) for three different wall temperature distribu-
tions. Therefore, Figure A-5 shows the effect of wall temperature 
distribution over the mean temperature profile in the impedance tube. 
It is observed from Figure A-5 that the temperature distribution 
obtained using a constant wall temperature differs considerably from 
those obtained with variable wall temperatures. Since there is no 
basis for assuming a constant wall temperature, the wall temperature 
distributions obtained using Equation (A-ll) are probably a better 
representation in the steady state temperature distribution in the 
impedance tube. 
However, the axial temperature distribution in the impedance 
tube can not be readily predicted using Equations (A-7) through (A-12), 
since the heat transfer parameter C involved in these equations is 
not known. To evaluate the constant C, it is necessary to know the 
properties of the gas flowing in the impedance tube. Since most of 
these flow properties are not known reliable approaches for determin-
ing the heat transfer parameter C and the mean axial temperature are 
needed. The resolution of these problems are discussed in the ensuing 
sections. 
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Determination of the Mean Temperature Distributions Using 
Experimental Pat:a 
1. Axial, Radial and Weighted One Dimensional Temperature Distribu-
tions Using Measured Temperature Data 
As mentioned in the introduction, it is possible to measure 
the temperature at any desired axial location in the impedance tube to 
obtain the axial temperature distribution. Therefore, a series of 
tests were conducted and temperature measurements were made at differ-
ent radial locations, along the length of the tube using Platinum/ 
Platinum 13% Rhodium thermocouples. These measurements show (i.e., see 
Figure A-6) the presence of a radial temperature gradient along the 
length of the tube. Therefore, in view of the presence of radial 
temperature gradient in the tube, the question comes up regarding the 
best radial location to be used for the measurement of a bulk axial 
temperature distribution that is consistent with a one dimensional flow 
model. Since it is difficult to locate such a radial position in the 
impedance tube, an alternate method is sought to obtain an average or 
bulk temperature distribution to fit in with the one dimensional flow 
model. This bulk temperature distribution may be obtained from Equation 
(A-9), which requires knowledge of the value of C, the heat transfer 
parameter defined in Equation (A-8). Assuming that Equations (A-9) and 
(A-12) are valid in each radial location, the values of C are evaluated 
using the measured temperature data for the corresponding radial loca-
tions. The results indicate that the heat transfer parameter C is 
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Incorporating this radial variation of C, a functional relation is 
constructed for the steady state temperature, in terms of the axial 
and radial coordinates of the impedance tube as follows: 
n(r). 
T(x,r) - Tw(x) + [ ( T C - T w ) (l- (f-) ") 
-<f> 
n(r) 
e A ( x' r ) (A-13) 
where, 
T (x) 









C(r) = C e 
o 
Cl { X " (R-> } 
o (A-16) 
Using the measured temperature data the parameters n ,n.,C ,C. and m 
o 1 o 1 
are evaluated from a least square fit. The axial temperature distri-
butions obtained at various radial locations using Equation (A-13) are 
plotted in Figures A-6 through A-8 by dashed lines for different wall 
temperature distributions. These plots show close agreement with the 
measured temperature values. Figure A-9 shows the radial variation of 
mean temperature at various axial locations for different wall temper-
ature distributions. 
The main objective of this section is, however, to obtain a 
bulk axial temperature distribution in the impedance tube which would 
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the impedance tube measurements. To obtain the bulk temperature an 
area average of T(x,r), using Equation (A-13), is obtained; that is, 
i A r
2 l T -
TA(x) = — 2 " J I T(x,r)rdrd9 (A-17) 
TTR o o 
o 
which reduces to 
1_ 
TA(x) = 2 / T(x,r)(~) d(^-) (A-18) 
O 0 0 
The weighted temperature distributions T (x) are obtained by inte-
.A. 
grating Equation (A-18) numerically for various wall temperature 
distributions and are plotted by solid lines in Figures A-6 through 
A-8, 
2. One Dimensional Axial Temperature Distribution Using Nodal 
Locations of the Pressure wave 
It is necessary to assure the compatibility of the bulk temper-
ature distribution given by Equation (A-18), with the wave structure 
in the impedance tube. Hence, an alternate approach is developed to 
determine the effective axial temperature distribution. In this 
approach the following simplified expression, similar to Equation (A-12), 
for the bulk temperature distribution in the impedance tube is assumed. 
x_ 
T\(X) = T (x) + (T - T )e A (A-19) 




T (x) 0,68 
A = C [1 + ~ ] (A-20) 
TA(x) 
In Equation (A-19), T is an average value of T (x) at x = o, evalu-
C A 
ated using Equation (A-18). In the present approach the value of the 
heat transfer parameter C is evaluated using measurements of two suc-
cessive nodal positions x and x, of the standing pressure wave formed 
o 1 ° ̂  
in the impedance tube. The coordinates x and x, are related to one 
o 1 
another by the following expression (see Figure 2-4) 
x- = x + -*-§£)- (A-21) 
I o I 
An average speed of sound for the flow between the positions x and 
x.. can be obtained from the relation 
"l _ ~ 
[yR T J 2 dx (A-22) av (X/2) LI "A 
x 
o 
Usina the relationship c = Af, where f is the frequency of the stand-
av 
ing wave in the impedance tube, Equation (A-22) can be rewritten as 
"l _ " 
JA2 = / [TA]




J = f/2 /yR = cons cant 
substituting the expression for T. into Equation (A-23) and using 
Equation (A-20), a transcendental equation for c is obtained. Once 
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this equation is solved for C, the bulk axial temperature distribu-
tion in the impedance tube is obtained. 
Figures A-10 and A-11 are the plots of x and x with respect 
to frequency for three different propellants, respectively, obtained 
from the experiments conducted at a chamber pressure of 15 psi. Using 
these data the bulk temperature distributions are computed and are 
compared with the temperature distributions obtained using Equation 
(A-18), (see Figure A-12), It is observed that the effective temper-
atures computed from the nodal locations of the standing wave struc-
ture (Equation (A-23)), are lower than the bulk temperatures deduced 
from the thermocouple measurements (i.e., see Equation (A=18)). This 
discrepancy can be attributed to the area weighting (see Equation (A-18)), 
used to obtain the one dimensional bulk temperature, which need not 
necessarily be consistent with the one dimensional descriptions of the 
impedance tube wave structure. 
3. Non-Linear Regression Technique to Obtain Axial Temperature 
Distribution Using Oscillatory Pressure Data 
The average axial temperature distribution obtained using nodal 
locations along the standing pressure wave could, in principle, be 
used in the evaluation of the admittances of the burning solid pro-
pellant samples placed in the impedance tube. However, the accuracy 
of the temperature distribution depends upon how accurately the posi-
tions of the pressure nodes could be located. Since the locations of 
the pressure transducers in general do not coincide with the locations 
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of the measured pressure data — a process which inevitably results 
in errors in locating these nodes. Hence, an alternate technique 
which reduces the inaccuracies involved in locating the pressure 
minima has been developed. This method employs the nonlinear 
regression technique to determine the constant C in Equation (A-20) 
25 
from the measured amplitude and phase data. The nonlinear 
regression technique involves determining the value of C which pro-
vides the best fit between the theoretically predicted wave pattern 
in the impedance tube and the experimentally measured pressure ampli-
tude and phase data. The best fit is found by determining the value 
of C which minimizes the root-mean-square deviation between the theo-
retically predicted impedance tube wave structure and the corresponding 
experimental data. This technique gives a temperature profile which 
is consistent with the measured wave structure. 
To find the minimum root-mean-square deviation, the following 
function F, which is a measure of the erro'r,. is minimized: 
n ? 
F = I (E. - I.)~ (A-24) 
i=l X X 
In Equation (A-24), E. represents an experimentally measured quantity 
(i.e., amplitude or phase) at location x. and T. is the corresponding 
theoretically predicted quantity which depends among other parameters, 
upon the constant C. If a minimum of F with respect to C exists, then 
the gradient of F must vanish at that minimum and the following rela-
tionship holds: 
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dF n dT. ~ = -2 I [(E. - T.) -^ ] = 0 
dC i=l X X dC 
(A-25) 
A Newton-Raphson iterative scheme is used to obtain a solution of 
Equation (A-25), utilizing a linearized version of this equation 
which involves the expansion of T. in a first order Taylor series 
with respect to the parameter G. The resulting linear algebraic 
equation can be expressed in the following form: 
,nu dT I (E. - Tm) 5i| 
i-i x x dc (i,m) 





where m represents the m iteration. 
Equation (A-26) can be rewritten as follows: 
Am[Cm+1 - C*] = Bm 





n 1rT, 2 m r . dT .m r a± A = I (—) 
i=l dC (i,m) 
(A-28) 






Equation (A-28) is a linear algebraic equation for the unknown C 
and it can be readily solved once A and B are computed. The compu-
tation of these elements requires the determination of the derivative 
Since these derivatives cannot be determined analytically, 
(i,m) 
numerical values for these derivatives are obtained using finite dif-
ference methods. 
Computations were performed at a number of frequencies for the 
propellant A-13, using the oscillatory pressures measured during the 
tests conducted at low chamber pressures and the corresponding effec-
tive axial temperature distribution was obtained. Such a temperature 
distribution is plotted in Figure A-13 where it is compared to that 
obtained using the measured nodal locations along the standing wave for 
the same propellant, A-13. Figure A-13 shows close agreement between 
the temperature distributions obtained by both methods. Therefore, 
the non-linear regression technique is used for the purpose of getting 
the mean temperature distribution, which gives the freedom to place the 
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